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Abstract

Concurrent stochastic games (CSGs) are a formal model for multi-agent systems in which 

agents make decisions simultaneously and outcomes depend probabilistically on their 

joint actions. Probabilistic model checking of CSGs enables the verification of safety, 

liveness, and performance properties of such systems. Despite substantial existing work on 

CSG model checking, scalability remains a major challenge, with explicit-state techniques 

struggling to handle large state spaces.

Inspired by the success of symbolic verification for other probabilistic models, such as 

Markov decision processes and turn-based stochastic games, we develop novel symbolic 

algorithms for constructing symbolic representations of CSGs and verifying them against 

a range of two-coalition zero-sum properties. A key challenge in this setting is the 

computation of minimax values for collections of two-player zero-sum normal-form games. 

To address this, we present both a fully symbolic algorithm based on discounted regret 

matching and a hybrid approach using linear programming. To the best of our knowledge, 

this is the first symbolic model checking algorithm for CSGs.

We implement these techniques efficiently in the PRISM-games model checker and eval

uate them on several case studies, including a profiling-based analysis of computational 

bottlenecks. Our results show substantial memory savings over existing explicit-state 

approaches in almost all cases, together with faster verification in many cases.

1



Declaration

In creating this work, I have used AI tools for the following tasks:

Coding: I used GitHub Copilot while writing Python scripts to test the correctness of 

my implementation and to run benchmarks.

Plotting and formatting: I used GitHub Copilot while writing Python scripts that 

formatted benchmark results into the tables in Chapter 8.

Spelling and grammar: I used ChatGPT to help address issues with grammar or clarity 

within parts of the thesis that seemed verbose or awkward.

Acknowledgements

I express my sincere gratitude to my supervisor, Professor David Parker, for his guidance, 

insight, and continued support throughout this project. I am also grateful to my friends 

for their encouragement and support during my studies, which made this journey far more 

manageable and enjoyable.

2



Contents

Abstract . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ⁠1

Declaration . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ⁠2

Acknowledgements . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ⁠2

1. Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ⁠5

1.1. Challenges . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ⁠6

1.2. Contributions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ⁠6

2. Related Work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ⁠8

2.1. Explicit Model Checking for CSGs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ⁠8

2.2. Symbolic Verification for DTMCs, MDPs and TSGs . . . . . . . . . . . . . . . . . . . . . . . . . . ⁠9

2.3. Issues with Extending Symbolic Verification to CSGs . . . . . . . . . . . . . . . . . . . . . . . . . ⁠9

2.4. Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ⁠9

3. Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ⁠10

3.1. Concurrent Stochastic Games . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ⁠10

3.1.1. Reward Structures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ⁠11

3.2. Zero-Sum Properties of Concurrent Stochastic Games . . . . . . . . . . . . . . . . . . . . . . . . ⁠11

3.2.1. Syntax . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ⁠11

3.2.2. Semantics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ⁠12

3.2.2.1. State Formulae . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ⁠12

3.2.2.2. Path and Reward Formulae . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ⁠12

3.2.3. Quantitative Queries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ⁠13

3.3. Model Checking CSG Properties . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ⁠14

3.3.1. Probabilistic Properties . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ⁠14

3.3.2. Reward Properties . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ⁠16

3.4. Algebraic Decision Diagrams . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ⁠18

3.5. PRISM-games . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ⁠19

3.5.1. PRISM Language for CSGs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ⁠19

3.6. Two-Player Zero-Sum Games in Normal Form . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ⁠23

3.7. (Discounted) Regret Matching . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ⁠23

4. Symbolic Representation and Construction of CSGs . . . . . . . . . . . . . . . . . . . ⁠28

4.1. Symbolic Model Representation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ⁠28

4.2. ADD Variables . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ⁠28

4.2.1. Dynamic Variable Reordering . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ⁠29

4.3. Construction of Transition Relation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ⁠29

3



4.4. Correctness Argument . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ⁠32

4.5. Construction of Reward Structures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ⁠33

4.6. Reachability . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ⁠34

5. Symbolic Model Checking of CSGs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ⁠36

5.1. Maximum/Minimum Probabilistic Reachability . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ⁠38

5.1.1. Next . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ⁠38

5.1.2. Bounded Until . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ⁠38

5.1.3. Until . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ⁠38

5.1.3.1. Prob 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ⁠38

5.1.3.2. Prob 0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ⁠40

5.1.3.3. Quantitative Value Iteration . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ⁠41

5.2. Maximum Expected Reward . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ⁠42

5.2.1. Instantaneous Reward . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ⁠42

5.2.2. Bounded Cumulative Rewards . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ⁠42

5.2.3. Expected Reachability . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ⁠43

6. Symbolic Minimax via Symbolic Discounted Regret Matching . . . . . . . . . ⁠45

6.1. Dealing with Coalitions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ⁠48

6.2. Dynamic Variable Reordering . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ⁠50

7. Hybrid Minimax via Linear Programming . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ⁠51

7.1. Dynamic Variable Reordering . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ⁠54

8. Experimental Results and Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ⁠55

8.1. Experimental Results for Model Construction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ⁠56

8.2. Experimental Results for Model Checking . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ⁠58

8.3. Profiling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ⁠63

9. Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ⁠66

9.1. Further Work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ⁠66

Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ⁠68

Appendix . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ⁠73

4



Chapter 1

Introduction

Probabilistic model checking [1, 2] is a formal verification technique for analysing systems 

that exhibit stochastic behaviour. Concurrent stochastic games [3, 4] (CSGs) provide 

a modelling framework for multi-agent systems in which agents make decisions simulta

neously, and outcomes depend probabilistically on their joint actions. CSGs have been 

used to model a wide range of real-world systems, including communication protocols [5], 

security protocols [6, 7], and autonomous systems [8].

Verification of CSGs enables us to rigorously establish that a system satisfies specific 

quantitative properties. For example, one may verify that a process gains access to a 

shared resource within 10 seconds with probability at least 0.99, regardless of the actions 

taken by other processes. Probabilistic model checkers can both verify such properties 

and synthesise the strategies required to guarantee them.

Substantial theoretical work has been carried out on probabilistic model checking for 

CSGs, including both zero-sum [9, 10] and general-sum properties [8, 11]. Tool support 

has also been available for several years through PRISM-games [5]. However, scalability 

remains a major challenge. Existing implementations rely primarily on explicit-state 

techniques, representing state sets as bitsets and matrices/vectors as arrays, which limits 

the size of systems that can be analysed.

Symbolic model checking has achieved considerable success for non-probabilistic systems 

[12] and for simpler probabilistic models such as MDPs [13] and turn-based stochastic 

games (TSGs) [14]. In these contexts, decision-diagram representations are used to com

pactly encode state sets and transition relations. However, existing symbolic techniques 

do not directly extend to CSGs because model checking for CSGs requires solving a matrix 

game at each state, a process that is difficult to implement efficiently using standard 

decision-diagram operations.
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To the best of our knowledge, this thesis presents and experimentally evaluates the first 

symbolic model checking algorithm for CSGs.

1.1. Challenges

The problem decomposes into two largely independent components: the symbolic con

struction of CSGs and the symbolic model checking of CSG properties.

While much of the existing theory and algorithms used in PRISM-games for other proba

bilistic models could, in principle, be reused, the modelling language for CSGs differs 

substantially from that of MDPs and TSGs. In particular, action labels define concurrent 

player actions rather than module synchronisation, and transitions may reference primed 

variables to enable coordinated updates across modules. These features necessitate the 

development of new algorithms for symbolic construction.

Standard CSG model checking algorithms rely on value iteration combined with the 

construction and solution of a matrix game at each state. In explicit-state implementa

tions, these matrix games are typically solved using linear programming.

However, classical linear programming methods, such as the simplex algorithm, along with 

subroutines such as pivoting and matrix factorisation, are known not to work well with 

Algebraic Decision Diagrams (ADDs) as they involve data-dependent transformations 

that alter the structure of the matrices [15, 16].

This motivates the development of new symbolic minimax algorithms, or alternatively 

hybrid approaches that combine symbolic operations with explicit linear programming.

1.2. Contributions

This thesis develops novel algorithms for the construction and verification of symbolic 

models of CSGs, implements these techniques within the PRISM-games model checker, 

and evaluates them experimentally on a range of case studies.

In Chapter 4, we present a novel systematic procedure for transforming CSGs defined 

in the PRISM-games [5] language into a fully symbolic representation based on ADDs 

[15]. This includes the symbolic encoding of transition relations, action availability, and 

reward structures, while supporting features specific to PRISM-games CSG models such 

as idle actions and primed variables.

In Chapter 5, we develop new symbolic algorithms for model checking a range of two-

coalition zero-sum probabilistic and reward-based properties expressed in rPATL. These 

algorithms are based on existing explicit-state techniques described in Section 3.3 but are 
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adapted to operate on symbolic representations, leveraging ADD operations for efficient 

computation.

These symbolic algorithms require, as a subroutine, the computation of minimax values 

for collections of two-player zero-sum normal-form games. To address this, we present 

two alternative implementations in Chapter 6 and Chapter 7. Chapter 6 gives a novel, 

fully symbolic formulation of discounted regret matching for computing minimax values 

for many two-player zero-sum normal-form games concurrently. This approach avoids 

explicit linear programming and does not require a fixed ADD variable ordering. Chapter 

7 instead presents a hybrid algorithm that combines symbolic model construction with 

explicit linear programming for minimax computation, providing a practical alternative 

that performs better in most cases.

We develop an efficient implementation of the proposed techniques within the PRISM-

games model checker using Java bindings to the University of Colorado Decision Diagram 

(CUDD) package [17]. This includes optimisations such as ADD minimisation via restric

tion [18] and dynamic variable reordering that have not been previously considered in 

PRISM-games.

We perform a detailed experimental evaluation on a variety of real-world case studies, 

comparing the time taken for different stages of the model checking process, and use 

profiling to identify bottlenecks in the algorithms. Our results demonstrate significant 

improvements in memory usage in almost all cases compared to existing explicit-state 

approaches, alongside highly competitive verification times that outperform explicit-state 

methods for checking probability-based properties.
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Chapter 2

Related Work

This chapter situates our work relative to explicit-state model checking for CSGs and 

symbolic probabilistic verification for other stochastic models.

2.1. Explicit Model Checking for CSGs

Probabilistic model checking has been extensively studied for MDPs and stochastic 

games, with a mature body of algorithms for reachability and reward objectives [19]. For 

multi-agent systems, tool support has historically focused on TSGs due to their simpler 

optimisation structure [20], but CSGs have become increasingly important for modelling 

systems with simultaneous decisions [5].

For two-coalition zero-sum objectives, the standard approach is value iteration, where 

each iteration requires computing the minimax value of a two-player normal-form game 

induced at each state [10, 21, 22]. In practice, explicit implementations typically solve 

these matrix games via linear programming [1]. For infinite-horizon objectives, qualitative 

pre-computation based on (nested) fixed-point computations can accelerate convergence 

by identifying states with value 0 or 1 a priori [23, 24].

An alternative approach to value iteration is policy iteration (also known as strategy 

improvement). In this approach, one alternates between computing the values that result 

from a fixed strategy profile and improving the strategy profile based on the computed 

values [9, 25, 26]. However, this approach has less mature tool support in this setting and 

thus is not the focus of this thesis.

PRISM-games provides a widely used implementation of these techniques, supporting 

CSG modelling and verification for both zero-sum and more general solution concepts 

[5]. Despite these advances, explicit-state representations (bitsets for state sets; arrays/

matrices for vectors and transitions) remain a limiting factor for scalability on large 

models.
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2.2. Symbolic Verification for DTMCs, MDPs and TSGs

Symbolic model checking represents large state spaces and transition relations compactly 

using decision diagrams [12]. For probabilistic systems, symbolic approaches based on 

ADDs have been particularly successful for discrete-time Markov Chains (DTMCs) and 

MDPs, combining symbolic model construction with verification algorithms expressed as 

decision-diagram operations (e.g., abstraction and matrix-vector multiplication) [13, 27].

This framework has also been extended to TSGs by incorporating state ownership into 

the symbolic transition representation and applying min/max operations according to 

the controlling player [28]. These results demonstrate that symbolic representations can 

substantially reduce memory consumption and enable verification of models beyond the 

reach of explicit-state engines.

2.3. Issues with Extending Symbolic Verification to CSGs

The key obstacle in extending symbolic verification from TSGs to CSGs is the optimisa

tion structure of value iteration. In TSGs, the iteration reduces to a pointwise minimum or 

maximum over the enabled actions of a single player for each state, which maps naturally 

to symbolic abstraction. In CSGs, each iteration requires computing the minimax value 

of a normal-form game induced by the joint action choices of two coalitions [1, 21].

The standard method for computing minimax values uses linear programming; however, 

classical LP solvers (e.g., simplex) rely on pivoting and other data-dependent control flow 

that alters matrix structure in ways that do not align well with ADD-based symbolic 

computation [15, 16]. As a result, existing symbolic techniques for probabilistic verification 

do not immediately yield scalable symbolic CSG model checking.

2.4. Summary

Overall, explicit CSG model checking is well established but limited by explicit-state 

representations, while symbolic techniques scale successfully for DTMCs, MDPs and TSGs 

but do not directly address the matrix-game bottleneck of CSGs. This thesis addresses 

this gap by developing (i) symbolic construction procedures for PRISM-games CSG 

models and (ii) symbolic and hybrid methods for computing minimax values within value 

iteration, enabling symbolic verification for two-coalition zero-sum CSG properties.
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Chapter 3

Preliminaries

3.1. Concurrent Stochastic Games

A concurrent stochastic game is an 8-tuple [7]

𝐺 = (𝑁, 𝑆, 𝑆initial, 𝐴, Δ, 𝛿, AP, 𝐿)

where:

• 𝑁 = {1, …, 𝑛} is a finite set of players

• 𝑆 is a finite set of possible states of the game

• 𝑆initial ⊆ 𝑆 is the non-empty set of initial states

• 𝐴 = 𝐴1 × … × 𝐴𝑛 where

‣ 𝐴𝑝 is a finite set of actions of player 𝑝 ∈ 𝑁  with 𝐴𝑖 ∩ 𝐴𝑗 = ∅ for all 𝑖 ≠ 𝑗
‣ and ⊥𝑝 is the idle action for player 𝑝, with ⊥𝑝 ∈ 𝐴𝑝 for every 𝑝 ∈ 𝑁

• Δ ⊆ 𝑆 × ∪𝑛
𝑖=1 𝐴𝑖 is a set defining available actions, where 𝑎𝑖 is enabled in state 𝑠 iff 

(𝑠, 𝑎𝑖) ∈ Δ
• 𝛿 : 𝑆 × 𝐴 → Dist(𝑆) is a probabilistic transition function, i.e. 𝛿(𝑠, ⃗𝑎)(𝑠′) ∈ [0, 1] repre

sents the probability of transitioning to 𝑠′ from 𝑠 when ⃗𝑎 is taken

• AP is a set of atomic propositions

• 𝐿 : 𝑆 → 2AP is a labelling function for defining properties

𝐺 starts in some 𝑠 ∈ 𝑆initial. At each state, each player 𝑝 ∈ 𝑁  chooses some action 𝑎𝑝 ∈
𝐴𝑝 where (𝑠, 𝑎𝑝) ∈ Δ. If player 𝑝 has no available non-idle actions (𝑎 ≠ ⊥𝑝) in state 𝑠, 
we say that 𝑝 is stuck and must perform the idle action ⊥𝑝. The idle action is available 

if and only if 𝑝 is stuck. This guarantees that each player has at least one enabled action 

in every state.

The selection of actions ⃗𝑎 = (𝑎1, …, 𝑎𝑛) ∈ 𝐴 is the “action tuple” chosen, which results in 

a probabilistic transition to another state 𝑠′ according to the distribution 𝛿(𝑠, ⃗𝑎).
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A strategy of player 𝑝 is a function 𝜎𝑝 : FPaths𝐺 → Dist(𝐴𝑝) assigning a probability 

distribution over 𝑝’s enabled actions based on the observed finite history of states and 

other players’ actions. A strategy profile is a tuple of strategies, one for each player, i.e. 

𝜎 = (𝜎1, …, 𝜎𝑛).

The set of possible strategies for player 𝑝 is denoted as Σ𝑝, and the set of possible strategy 

profiles is Σ = Σ1 × … × Σ𝑛.

3.1.1. Reward Structures

We focus on CSGs that are extended with reward structures. A reward structure is a pair 

(𝑟𝑟
state, 𝑟𝑟

trans) where:

𝑟𝑟
state : 𝑆 → ℝ

𝑟𝑟
trans : 𝑆 × 𝐴 → ℝ

The state reward function 𝑟𝑟
state(𝑠) gives the reward obtained when the game is in state 𝑠, 

while the transition reward function 𝑟𝑟
trans(𝑠, ⃗𝑎) gives the reward obtained when the players 

select the action tuple ⃗𝑎 at state 𝑠. The superscript 𝑟 is used to distinguish different 

reward structures.

We can define multiple reward structures in a CSG but they are used independently in 

properties and model checking.

3.2. Zero-Sum Properties of Concurrent Stochastic Games

Properties of CSGs are defined in the reward-extended probabilistic alternating-time 

temporal logic (rPATL) [7]. We will focus on a subset of rPATL that only contains two-

coalition zero-sum properties.

3.2.1. Syntax

The syntax of rPATL is given by the following grammar:

𝜑 ≔ true | 𝑎 | ¬𝜑 | 𝜑 ∧ 𝜑 | ⟪𝐶⟫𝑃∼𝑞[𝜓] | ⟪𝐶⟫𝑅𝑟
∼𝑥[𝜌]

𝜓 ≔ 𝚇𝜑 | 𝜑 𝚄≤𝑘 𝜑 | 𝜑 𝚄 𝜑

𝜌 ≔ 𝙸=𝑘 | 𝙲≤𝑘 | 𝙵𝜑

where:

• 𝑎 is an atomic proposition

• 𝐶 ⊆ 𝑁  is a coalition of players

• ∼∈ {<, ≤, ≥, >}
• 𝑘 ∈ ℕ, 𝑞 ∈ ℝ ∩ [0, 1], 𝑥 ∈ ℝ
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For notational convenience, we define the finally and the globally1 operators for path 

formulae:

⟪𝐶⟫𝑃∼𝑞[𝙵𝜑] ≔ ⟪𝐶⟫𝑃∼𝑞[true 𝚄 𝜑]

⟪𝐶⟫𝑃∼𝑞[𝙶𝜑] ≔ ⟪𝐶⟫𝑃∼𝑞[¬(𝙵(¬𝜑))]

3.2.2. Semantics

3.2.2.1. State Formulae

The syntax of rPATL distinguishes between state formulae (𝜑), path formulae (𝜓) and 

reward formulae (𝜌). State formulae are evaluated over states 𝑆 of the game, while path 

and reward formulae are evaluated over infinite traces of the game. An infinite trace 

𝜏  is an alternating sequence of states and action tuples, i.e. 𝜏 ≔ 𝑠0, ⃗𝑎1, 𝑠1, ⃗𝑎2, …. This 

corresponds to the game starting in state 𝑠0, then action tuple ⃗𝑎1 being taken, resulting 

in a transition to state 𝑠1, and so on.

The satisfaction relation ⊨ for state formulae 𝜑 is defined inductively over the structure 

of 𝜑. The propositional logic fragments (true, 𝑎, ¬, ∧) are defined in their usual way.

A state satisfies a formula ⟪𝐶⟫𝑃∼𝑞[𝜓] if the coalition of players 𝐶 can ensure that the 

probability of the path formula 𝜓 being satisfied is ∼ 𝑞, regardless of the strategies of the 

other players (𝑁 \ 𝐶).

A state satisfies a formula ⟪𝐶⟫𝑅𝑟
∼𝑥[𝜌] if the players in 𝐶 can ensure that the expected 

value of the reward formula 𝜌 for reward structure 𝑟 is ∼ 𝑥, regardless of the strategies 

of the other players (𝑁 \ 𝐶).

3.2.2.2. Path and Reward Formulae

We formalise the satisfaction of path and reward formulae via the coalition game 𝐺𝐶 with 

respect to a fixed coalition 𝐶.

𝐺𝐶 = ({𝐶, 𝑁 \ 𝐶}, 𝑆, 𝑆initial, (𝐴𝐶 , 𝐴𝑁\𝐶), Δ𝐶 , 𝛿, AP, 𝐿)

where:

• 𝐴𝐷 = ∏𝑝∈𝐷 𝐴𝑝 for 𝐷 ∈ {𝐶, 𝑁 \ 𝐶}
• (𝑠, 𝑎𝑑) ∈ Δ𝐶 iff each 𝑎𝑖 in 𝑎𝑑 is a valid action by player 𝑖 at state 𝑠

We then have

1Safety property proofs reduce to reachability property proofs, so we only focus on the latter.

⟪𝐶⟫𝑃max =?[𝙶𝜑](𝑠) = ⟪𝐶⟫𝑃max =?[¬(𝙵(¬𝜑))](𝑠) = 1 − ⟪𝐶⟫𝑃min =?[𝙵(¬𝜑)](𝑠)
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𝑠 ⊨ ⟪𝐶⟫𝑃∼𝑞[𝜓] ⇔ ∃𝜎𝐶 ∈ Σ𝐶∀𝜎𝑁\𝐶 ∈ Σ𝑁\𝐶 .𝔼
𝜎𝐶,𝜎𝑁\𝐶
𝐺𝐶,𝑠 (𝜓(𝜏)) ∼ 𝑞

𝑠 ⊨ ⟪𝐶⟫𝑅𝑟
∼𝑥[𝜌] ⇔ ∃𝜎𝐶 ∈ Σ𝐶∀𝜎𝑁\𝐶 ∈ Σ𝑁\𝐶 .𝔼

𝜎𝐶,𝜎𝑁\𝐶
𝐺𝐶,𝑠 (𝜌(𝜏)) ∼ 𝑥

where

𝜓(𝜏) = 1 if 𝜏 ⊨ 𝜓 and 0 otherwise

𝜌(𝜏) = rew(𝑟, 𝜏)(𝜌)

The satisfaction of path formulae 𝜏 ⊨ 𝜓 and the random variable rew(𝑟, 𝜏)(𝜌) for a random 

trace 𝜏 = 𝑠0, ⃗𝑎1, 𝑠1, ⃗𝑎2, … are defined inductively on the structure of 𝜓 and 𝜌 respectively.

A path formula 𝜓 may take one of three forms: 𝚇𝜑, 𝜑1 𝚄≤𝑘 𝜑2, or 𝜑1 𝚄 𝜑2. These use the 

PCTL semantics [29]:

𝜏 ⊨ 𝚇𝜑 ⇔ 𝑠1 ⊨ 𝜑

𝜏 ⊨ (𝜑1 𝚄≤𝑘 𝜑2) ⇔ ∃0≤𝑖≤𝑘(𝑠𝑖 ⊨ 𝜑2 ∧ (∀0≤𝑗<𝑖 𝑠𝑗 ⊨ 𝜑1))

𝜏 ⊨ (𝜑1 𝚄 𝜑2) ⇔ ∃𝑖≥0(𝑠𝑖 ⊨ 𝜑2 ∧ (∀0≤𝑗<𝑖 𝑠𝑗 ⊨ 𝜑1))

A reward formula 𝜌 can include the instantaneous reward operator 𝙸=𝑘, the cumulative 

reward operator 𝙲≤𝑘 and the final reward operator 𝙵𝜑. These are defined as follows:

rew(𝑟, 𝜏)(𝙸=𝑘) ≔ 𝑟𝑟
state(𝑠𝑘)

rew(𝑟, 𝜏)(𝙲≤𝑘) ≔ 𝑟(𝜏(..𝑘))

rew(𝑟, 𝜏)(𝙵𝜑) ≔ {𝑟(𝜏(..𝑘)) where 𝑠𝑘 ⊨ 𝜑 and ∀𝑖 < 𝑘 (𝑠𝑖 ⊭ 𝜑) if ∃𝑘 s.t. 𝑠𝑘 ⊨ 𝜑
∞ otherwise

where:

𝑟(𝜏(..𝑘)) = ∑
𝑘−1

𝑖=0
(𝑟𝑟

state(𝑠𝑖) + 𝑟𝑟
trans(𝑠𝑖, ⃗𝑎𝑖+1))

We note that rew(𝑟, 𝜏)(𝙲≤𝑘) and rew(𝑟, 𝜏)(𝙵𝜑) intentionally do not include 𝑟𝑟
state(𝑠𝑘).

3.2.3. Quantitative Queries

In addition to the above properties that have a Boolean satisfaction value, we also have 

quantitative queries that ask for the maximum/minimum probability or expected reward 

a coalition can achieve.
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As shown later in Section 3.3, this can be computed as part of the model checking 

procedure for the above properties.

⟪𝐶⟫𝑃max =?[𝜓](𝑠) = max
𝜎𝐶∈Σ𝐶

min
𝜎𝑁\𝐶∈Σ𝑁\𝐶

𝔼
𝜎𝐶,𝜎𝑁\𝐶
𝐺𝐶,𝑠 (𝜓(𝜏))

⟪𝐶⟫𝑅𝑟
max =?[𝜌](𝑠) = max

𝜎𝐶∈Σ𝐶
min

𝜎𝑁\𝐶∈Σ𝑁\𝐶
𝔼

𝜎𝐶,𝜎𝑁\𝐶
𝐺𝐶,𝑠 (𝜌(𝜏))

Since we are dealing with zero-sum properties, we have the following duality:

⟪𝐶⟫𝑃max =?[𝜓](𝑠) = ⟪𝑁 \ 𝐶⟫𝑃min =?[𝜓](𝑠)

⟪𝐶⟫𝑅𝑟
max =?[𝜌](𝑠) = ⟪𝑁 \ 𝐶⟫𝑅𝑟

min =?[𝜌](𝑠)

3.3. Model Checking CSG Properties

Here, we give detailed presentations of algorithms for model checking the zero-sum 

properties described above, allowing comparison with their symbolic versions in Chapter 

5. Given a property 𝜑, we are interested in finding the function 𝑉𝐺(𝜑) : 𝑆 → 𝔹. This 

function maps each state 𝑠 ∈ 𝑆 to 1 if 𝑠 ⊨ 𝜑 and 0 otherwise. We drop the subscript 𝐺 

when the game is clear from context.

These algorithms rely on solving matrix games as a subroutine (see Section 3.6). We 

define val(𝑍) to be the minimax value of the matrix game defined by the payoff matrix 

𝑍 ∈ ℝ𝑛×𝑚. In the existing explicit-state implementation, val(𝑍) is calculated using linear 

programming.

As is typical in formal methods, we check properties recursively over the structure of the 

property’s formula. The base cases true, 𝑎 are straightforward, and the propositional logic 

operators ¬, ∧ are handled in the usual way.

Deriving and proving these algorithms is beyond the scope of this thesis; instead, we focus 

on their execution details. More information about the theory behind these algorithms 

can be found in [30].

We consider the model checking of probabilistic properties, followed by reward properties.

3.3.1. Probabilistic Properties

To compute 𝑉 (⟪𝐶⟫𝑃∼𝑞[𝜓]), we first find 𝑉 (⟪𝐶⟫𝑃max =?[𝜓]) : 𝑆 → [0, 1] or 

𝑉 (⟪𝐶⟫𝑃min =?[𝜓]) : 𝑆 → [0, 1] for all states, then compare the resulting probabilities with 

𝑞 using ∼.
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We focus on computing 𝑉 (⟪𝐶⟫𝑃max =?[𝜓]), with 𝑉 (⟪𝐶⟫𝑃min =?[𝜓]) reducing to 𝑉 (⟪𝑁 \
𝐶⟫𝑃max =?[𝜓]) due to the duality mentioned above.

For path formulae 𝜓, we consider each case separately.

Next

This reduces to solving a single matrix game for each state:

𝑉 (⟪𝐶⟫𝑃max =?[𝚇𝜑])(𝑠) = val(𝑍(𝑠))

with 𝑍(𝑠)𝑖,𝑗 = ∑𝑠′∈ Sat(𝜑) 𝛿𝐶(𝑠, (𝑎𝑖, 𝑏𝑗))(𝑠′) where 𝑎𝑖 and 𝑏𝑗 range over all possible actions 

for coalition 𝐶 and 𝑁 \ 𝐶 in state 𝑠 respectively.

Bounded Until

We use value iteration to recursively compute 𝑉 (⟪𝐶⟫𝑃max =?[𝜑1 𝚄≤𝑛 𝜑2]) for 0 ≤ 𝑛 ≤ 𝑘

𝑉 (⟪𝐶⟫𝑃max =?[𝜑1 𝚄≤𝑛 𝜑2])(𝑠) =

{


1 if 𝑠 ∈ Sat(𝜑2)

0 else if 𝑠 ∉ Sat(𝜑1)
0 else if 𝑛 = 0
val(𝑍(𝑠)𝑛) otherwise

𝑍(𝑠)𝑛
𝑖,𝑗 = ∑

𝑠′∈𝑆
𝛿𝐶(𝑠, (𝑎𝑖, 𝑏𝑗))(𝑠′) × 𝑉 (⟪𝐶⟫𝑃max =?[𝜑1 𝚄≤𝑛−1 𝜑2])(𝑠′)

where 𝑎𝑖 and 𝑏𝑗 range over all possible actions for coalition 𝐶 and 𝑁 \ 𝐶 in state 𝑠 
respectively.

Unbounded Until

Unbounded until properties are computed via value iteration to convergence. We use the 

same recurrence as for bounded until, but stop when the values converge within some 

small epsilon 𝜀 > 0.

Furthermore, we can also use qualitative reachability and safety pre-computations [24] 

to speed up convergence. These can be used to find the states 𝑆1 and 𝑆0 such that 

𝑉 (⟪𝐶⟫𝑃max =?[𝜑1 𝚄 𝜑2])(𝑠) = 1 or 0 directly, allowing us to only perform value iteration 

on the remaining states.

These are incorporated into the value iteration as follows:
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𝑉 (⟪𝐶⟫𝑃max =?[𝜑1 𝚄 𝜑2])(𝑠) = lim
𝑛→∞

𝑣𝑠
𝑛

𝑣𝑠
𝑛 =

{


1 if 𝑠 ∈ 𝑆1

0 else if 𝑠 ∈ 𝑆0
0 else if 𝑛 = 0
val(𝑍(𝑠)𝑛) otherwise

𝑍(𝑠)𝑛
𝑖,𝑗 = ∑

𝑠′∈𝑆
𝛿𝐶(𝑠, (𝑎𝑖, 𝑏𝑗))(𝑠′) × 𝑣𝑠′

𝑛−1

3.3.2. Reward Properties

Similarly to probabilistic properties, to find states that satisfy ⟪𝐶⟫𝑅𝑟
∼𝑥[𝜌], we first find 

⟪𝐶⟫𝑅𝑟
max =?[𝜌] or ⟪𝐶⟫𝑅𝑟

min =?[𝜌] for all states, then compare the resulting expected rewards 

with 𝑥 using ∼. We explain how to compute ⟪𝐶⟫𝑅𝑟
max =?[𝜌].

For reward formulae 𝜌, we consider each case separately.

Instantaneous Reward

We use value iteration to recursively compute the values of 𝑉 (⟪𝐶⟫𝑅𝑟
max =?[𝙸=𝑛]) for 0 ≤

𝑛 ≤ 𝑘

𝑉 (⟪𝐶⟫𝑅𝑟
max =?[𝙸=𝑛])(𝑠) = {𝑟𝑟

state(𝑠) if 𝑛 = 0
val(𝑍(𝑠)𝑛) otherwise

𝑍(𝑠)𝑛
𝑖,𝑗 = ∑

𝑠′∈𝑆
𝛿𝐶(𝑠, (𝑎𝑖, 𝑏𝑗))(𝑠′) × 𝑉 (⟪𝐶⟫𝑅𝑟

max =?[𝙸=(𝑛−1)])(𝑠′)

Bounded Cumulative Rewards

We use value iteration to recursively compute the values of 𝑉 (⟪𝐶⟫𝑅𝑟
max =?[𝙲≤𝑛]) for 0 ≤

𝑛 ≤ 𝑘

𝑉 (⟪𝐶⟫𝑅𝑟
max =?[𝙲≤𝑛])(𝑠) = {0 if 𝑛 = 0

𝑟𝑟
state(𝑠) + val(𝑍(𝑠)𝑛) otherwise

𝑍(𝑠)𝑛
𝑖,𝑗 = 𝑟𝑟

trans(𝑠, (𝑎𝑖, 𝑏𝑗)) + ∑
𝑠′∈𝑆

(𝛿𝐶(𝑠, (𝑎𝑖, 𝑏𝑗))(𝑠′) × 𝑉 (⟪𝐶⟫𝑅𝑟
max =?[𝙲≤(𝑛−1)])(𝑠′))

Expected Reachability

While we allow negative rewards, we need the following assumption to ensure the 

correctness and convergence of the algorithm for computing 𝑉 (⟪𝐶⟫𝑅𝑟
max =?[𝙵𝜑]):
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From any state 𝑠 where 𝑟𝑟
state(𝑠) < 0 or 𝑟𝑟

trans(𝑠, 𝑎) < 0 for some action tuple 𝑎, under all 

profiles of 𝐺, with probability 1 we reach either a state satisfying 𝜑 or a state where all 

rewards are zero and which cannot be left with probability 1 under all profiles.

We need to use value iteration twice to compute 𝑉 (⟪𝐶⟫𝑅𝑟
max =?[𝙵𝜑]). We start by finding 

the set of states for which the reward is infinite 𝑆𝜌
∞. This contains exactly the states 

satisfying ⟪𝐶⟫𝑃<1[𝙵𝜑]. At these states, 𝐶 can try to avoid reaching 𝜑 forever, and since 

the probability of reaching 𝜑 is less than 1, there is a non-zero probability of never 

reaching 𝜑, resulting in an infinite expected reward. This can be found as the complement 

of the set of states with ⟪𝐶⟫𝑃min =1[𝙵𝜑] = ⟪𝑁 \ 𝐶⟫𝑃max =1[𝙵𝜑] which we can use the pre-

computation algorithm for the unbounded until probabilistic property to find.

We then select a 𝛾 > 0 and construct 𝑟𝛾 = (𝑟𝛾
state, 𝑟

𝛾
trans) with

𝑟𝛾
state(𝑠) = {𝑟𝑟

state(𝑠) if 𝑟𝑟
state(𝑠) ≠ 0

𝛾 otherwise

𝑟𝛾
trans(𝑠, ⃗𝑎) = {𝑟𝑟

trans(𝑠, ⃗𝑎) if 𝑟𝑟
trans(𝑠, ⃗𝑎) ≠ 0

𝛾 otherwise

and apply value iteration to approximate 𝑉 (⟪𝐶⟫𝑅𝑟𝛾
max =?[𝙵𝜑]) via

𝑉 (⟪𝐶⟫𝑅𝑟𝛾
max =?[𝙵𝜑])(𝑠) = lim

𝑛→∞
𝑣𝑠

𝑛

𝑣𝑠
𝑛 =

{


0 if 𝑠 ∈ Sat(𝜑)

∞ if 𝑠 ∈ 𝑆𝜌
∞

0 if 𝑛 = 0
val(𝑍(𝑠)𝑛) + 𝑟𝛾

state(𝑠) otherwise

𝑍(𝑠)𝑛
𝑖,𝑗 = 𝑟𝛾

trans(𝑠, (𝑎𝑖, 𝑏𝑗)) + ∑
𝑠′∈𝑆

𝛿𝐶(𝑠, (𝑎𝑖, 𝑏𝑗))(𝑠′) × 𝑣𝑠′

𝑛−1

We then perform a second value iteration with the original reward structure 𝑟 but with ini

tial values from the previous value iteration to get the final values of 𝑉 (⟪𝐶⟫𝑅𝑟
max =?[𝙵𝜑]).

𝑉 (⟪𝐶⟫𝑅𝑟
max =?[𝙵𝜑])(𝑠) = lim

𝑛→∞
𝑢𝑠

𝑛

𝑢𝑠
𝑛 =

{



0 if 𝑠 ∈ Sat(𝜑)

∞ if 𝑠 ∈ 𝑆𝜌
∞

𝑉 (⟪𝐶⟫𝑅𝑟𝛾
max =?[𝙵𝜑])(𝑠) if 𝑛 = 0

val(𝑍(𝑠)𝑛) + 𝑟𝑟
state(𝑠) otherwise

𝑍(𝑠)𝑛
𝑖,𝑗 = 𝑟𝑟

trans(𝑠, (𝑎𝑖, 𝑏𝑗)) + ∑
𝑠′∈𝑆

𝛿𝐶(𝑠, (𝑎𝑖, 𝑏𝑗))(𝑠′) × 𝑢𝑠′

𝑛−1
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3.4. Algebraic Decision Diagrams

Symbolic probabilistic model checking uses decision diagrams and their operations to 

efficiently perform formal verification. As probabilities and rewards are real-valued, we use 

ADDs [15] instead of Binary Decision Diagrams (BDDs) [31], with the terminals having 

values from ℝ rather than 𝔹 ≡ {0, 1}, to represent functions of the form 𝑓 : 𝔹𝑛 → ℝ.

Many standard BDD operations have been generalised to ADDs. We summarise the 

operations used below:

Apply(op, 𝐵1, 𝐵2) returns an ADD representing the function 𝑓(𝑠) = 𝐵1(𝑠) op 𝐵2(𝑠). Here, 

op is a binary operator over the terminal values of the ADDs. Note that 𝑥 op 𝑦 need 

not lie in the same domain as 𝑥 or 𝑦. We commonly use op ∈ {<, ≤, =, ≠, ≥, >}. We 

often write Apply(op, 𝐵1, 𝐵2) with infix notation: 𝐵1 op 𝐵2 or as a Boolean function 

op(𝐵1, 𝐵2). We use non-standard conventions: 0 ÷ 0 = 0 × ∞ = 0 × −∞ = 0 for Apply(÷
, 𝐵1, 𝐵2) and Apply(×, 𝐵1, 𝐵2), which are useful for normalising and masking.

Abstract(op, 𝐵, 𝑥) returns an ADD that represents the function 𝑓(𝑠) = OP𝑥 𝐵(⟨𝑠, 𝑥⟩). 
E.g. if op is max, then 𝑓(𝑠) = max𝑥 𝐵(⟨𝑠, 𝑥⟩). Here, 𝑥 ⊆ vars(𝐵) and op is a commutative 

and associative binary operator over the terminal values of the ADD. For notational conve

nience, we define ThereExists(𝑥, 𝐵) ≔ Abstract(∨, 𝐵, 𝑥) and ForAll(𝑥, 𝐵) ≔ Abstract(∧
, 𝐵, 𝑥).

ReplaceVars(𝑥 ↦ 𝑦, 𝐵) returns an ADD with variables in 𝑥 replaced with their corre

sponding variables in 𝑦 in 𝐵. Here, 𝑥 and 𝑦 are of the same length.

Constant(𝑟) creates an ADD that represents the constant function 𝑓(𝑠) = 𝑟 for all 𝑠.

IfThenElse(𝐵cond, 𝐵true, 𝐵false) takes a BDD 𝐵cond and two ADDs 𝐵true and 𝐵false and 

returns the ADD that represents the function

𝑓(𝑠) = {𝐵true(𝑠) if 𝐵cond(𝑠) = 1
𝐵false(𝑠) otherwise

Restrict(𝐵, 𝐵care) takes an ADD 𝐵 and a BDD 𝐵care and returns an ADD that represents 

the function

𝑓(𝑠) = {𝐵(𝑠) if 𝐵care(𝑠) = 1
anything otherwise
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This is used to reduce the size of 𝐵 while maintaining correctness within the domain we 

care about. Its implementation is described in [18].

MVMult(𝑇 , 𝐵, 𝑥) ≡ Abstract(+, 𝑇 × 𝐵, 𝑥). Here, 𝑇 : 𝑥 × 𝑦 → 𝒟︀ represents a matrix with 

elements in 𝒟︀, 𝐵 : 𝑥 → 𝒟︀ represents a vector with elements in 𝒟︀. MVMult(𝑇 , 𝐵, 𝑥) : 𝑦 →
𝒟︀ represents the result of multiplying matrix 𝑇  with vector 𝐵. This is implemented via 

the matrix-matrix multiplication algorithm in [32].

3.5. PRISM-games

PRISM-games [5] is an extension of the PRISM model checker [33] that supports model

ling and verification of several game models, including CSGs. We use the PRISM-games 

modelling language for CSGs in this thesis, with our implementations extending PRISM-

games with symbolic CSG verification.

It currently implements an explicit-state CSG model checker that uses arrays and bitsets 

to represent vectors and sets. We use this as an oracle to test our symbolic implementations 

and as a comparison point for benchmarking. Since caching previously solved matrix 

games can improve performance, we also implement a cached version of the explicit-state 

model checker to provide a more competitive comparison in Chapter 8.

Since there is existing code to lex and parse PRISM-games CSG models, when construct

ing symbolic models, we can directly take as input the abstract syntax tree of the models.

3.5.1. PRISM Language for CSGs

We target CSG models that can be represented with the following grammar:
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program         := "csg" decl*

decl            := const_decl | player_decl | module_decl | reward_decl

const_decl      := "const" const_type var_name ("=" init_value)? ";"

player_decl     := "player" player_name mod_name ("," mod_name)* "endplayer"

module_decl     := "module" mod_name var_decl* command* "endmodule"

reward_decl     := "rewards" rew_struct_name reward_element* "endrewards"

const_type      := "int" | "double" | "bool"

var_decl        := var_name ":" var_type ("init" init_value)? ";"

var_type        := "bool" | "[" int_literal ".." int_literal "]"

command         := "[" action_list "]" guard "->" outcome ("+" outcome)* ";"

action_list     := "" | action ("," action)*

outcome         := (prob ":")? update

guard           := boolean_expr

update          := (update_element ("&" update_element)*)

update_element  := var_name "'" "=" expr

prob            := double_expr

reward_element  := state_reward | trans_reward

state_reward    := guard ":" expr ";"

trans_reward    := "[" action_list "]" guard ":" expr ";"

Listing 1: PRISM CSG Grammar

The PRISM-games CSG language also allows additional syntactic sugar for renaming 

of variables to easily generate similar modules, type inference of constants, etc. We will 

not discuss these here as such programs can be rewritten in the above grammar in a 

straightforward manner. We also do not deal with global variables since it is possible to 

rewrite CSG models with global variables to put the global variables into a non-player 

module.

For example, Listing 2 is a CSG model of two processes trying to transmit over a shared 

channel, adapted from [34].
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csg

player p1 mac1 endplayer

player p2 mac2 endplayer

const int emax; // energy bound

const double q1; // probability single user successfully transmits

const double q2; // probability two users successfully transmit

module channel // used to compute joint probability distribution for 

transmission failure

  c : bool init false; // is there a collision?

  [t1,w2] true -> q1 : (c'=false) + (1-q1) : (c'=true); // only user 1 transmits

  [w1,t2] true -> q1 : (c'=false) + (1-q1) : (c'=true); // only user 2 transmits

  [t1,t2] true -> q2 : (c'=false) + (1-q2) : (c'=true); // both users transmit

endmodule

module mac1 // user 1

  s1 : [0..1] init 0; // has player 1 sent?

  e1 : [0..emax] init emax; // energy level of player 1

  [w1] true -> (s1'=0); // wait

  [t1] e1>0 -> (s1'=c'?0:1) & (e1'=e1-1); // transmit

endmodule

// construct second user with renaming

module mac2 = mac1 [ s1=s2, e1=e2, w1=w2, t1=t2 ] endmodule

// reward structure for player 1

rewards "r1"

  s1=1 : 1;

endrewards

// reward structure for player 2

rewards "r2"

  s2=1 : 1;

endrewards

Listing 2: PRISM-games CSG Example: Medium Access Control

In CSG models, modules are either player modules or non-player modules, depending on 

whether they are controlled by a player. At each time step, each player chooses an action 

that is executable in all of their modules. Non-player modules serve to react to player 

actions, with their command selected based on the action tuple selected. All modules then 

execute simultaneously, resulting in a probabilistic transition to the next state. Variables 

21



are either primed or non-primed, where primed variables represent the next state of the 

variable after a command is executed.

We say a command is valid with respect to a state if its guard is satisfied by that state. 

We say a command is active with respect to a state and action tuple if it is valid with 

respect to that state and its action(s) are a subset of the action tuple.

For player modules, each command’s action_list must contain at least one action, and 

the first action must be controlled by that player. All other actions are from different 

players. For any state, consider all valid commands. If any commands have action 𝑎 as 

the first action in the action list, then these commands must form a complete partition 

over the other actions that can be taken by the other players. This ensures that whenever 

action 𝑎 is available to the player, the resulting behaviour is defined regardless of the 

actions taken by the other players.

For non-player modules, each command’s action list similarly can contain multiple actions, 

all from different players, but is also allowed to be empty. For the model to be well-

defined, there can be at most one active command for any given state and action tuple 

combination. If there are zero active commands, the module simply remains in the same 

state.

Within a single command, the probabilities of all outcomes must sum to 1. This ensures 

that the probability distribution over next states is well-defined. The guard must only 

consist of non-primed variables and can be over any variables, including those from 

other modules. The expr may contain both non-primed and primed variables, including 

variables from other modules. update_elements within an update must update distinct 

primed variables belonging to the module in which the command is defined.

Allowing primed variables as part of the expr lets commands depend on the next state of 

other variables, which is useful for defining coordinated transitions. In the above example, 

it ensures both p1 and p2 can update their s variables consistently with whether c is 

updated to true or false in the channel module. This is a powerful feature unique to CSG 

models in PRISM-games, as related modelling languages such as the PRISM language for 

MDPs or TSGs do not allow primed variables in updates. Note that for the next state 

to be well-defined, there must be no cyclic dependencies between primed variables across 

commands in different modules.

These restrictions ensure that for every state and action tuple, at most one command per 

module is active, and that the resulting probability distributions are well-defined.
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The PRISM-games CSG modelling language implies rectangular availability: an action 

tuple is available exactly when each player’s selected action is available. This property is 

used later when solving matrix games in the model checking algorithms.

3.6. Two-Player Zero-Sum Games in Normal Form

A two-player zero-sum game in normal form can be represented by a payoff matrix 𝑀 ∈
ℝ𝑛×𝑚 where player A has 𝑛 actions and player B has 𝑚 actions. The entry 𝑀(𝑖, 𝑗) 
represents the utility that player A receives when players A and B play actions 𝑖 and 𝑗 
respectively. Since this is a zero-sum game, player B receives utility −𝑀(𝑖, 𝑗).

Solving a two-player zero-sum game involves finding a Nash equilibrium, which is a pair 

of mixed strategies (𝑥𝐴 ∈ ℝ𝑛, 𝑥𝐵 ∈ ℝ𝑚) for players A and B such that neither player can 

improve their expected utility by unilaterally changing their strategy.

This is equivalent to solving the minimax problem:

max
𝑥𝐴∈Δ𝑛

min
𝑥𝐵∈Δ𝑚

𝑥⊤
𝐴𝑀𝑥𝐵

where 𝑥𝐴 and 𝑥𝐵 are probability distributions over the action sets of players A and B 

respectively, i.e. Δ𝑘 = {𝑥 ∈ ℝ𝑘 | ∑𝑘
𝑖=1 𝑥𝑖 = 1, 𝑥𝑖 ≥ 0}.

The strategies 𝑥𝐴 and 𝑥𝐵 can be found using various algorithms, including linear 

programming, the Lemke-Howson algorithm [35], and iterative methods like fictitious play 

and regret matching [36].

The existing explicit-state model checking algorithm for CSGs relies on linear program

ming to solve matrix games, which we will leverage in our hybrid implementation in 

Chapter 7. Since linear programming is difficult to translate into a symbolic form, we 

instead focus on regret matching for our fully symbolic approach.

3.7. (Discounted) Regret Matching

Regret matching [36] and its variants are a class of algorithms that can be used to 

compute correlated equilibria [37] in normal form games. For two-player zero-sum games, 

all correlated equilibria yield the same value as the minimax value (the unique Nash 

equilibrium value) [38]; thus, we can use regret matching to compute the minimax value 

in these games.

There are many variations of regret matching, including the original regret matching, 

regret matching+ [39], discounted regret matching [40], and several more recent advanced 

23



variants. We focus on discounted regret matching as it has been shown to have similar or 

better convergence properties compared to other classic variants in practice.

Regret matching algorithms work iteratively to produce a series of strategies for each 

player, based on playing actions that have high regret (of not being played) in the past. 

The (weighted) average of these strategies over time converges to a correlated equilibrium.

Here, we describe the discounted regret matching algorithm in a detailed form that is 

suitable for use on two-player matrix games and can be translated into a symbolic version 

(see Chapter 6).

Suppose we are solving a single two-player zero-sum game

max
𝑥𝐴∈Δ𝑛

min
𝑥𝐵∈Δ𝑚

𝑥⊤
𝐴𝑀𝑥𝐵

with 𝑀 ∈ ℝ𝑛×𝑚, 𝑥𝐴 ∈ ℝ𝑛, and 𝑥𝐵 ∈ ℝ𝑚. The algorithm works as follows:

Initialisation:

0.

We select discounting parameters 𝛼, 𝛽, 𝛾 ∈ ℝ that control how quickly past regrets and 

strategies are discounted.

In particular, the original paper recommends using 𝛼 = 1.5, 𝛽 = 0, 𝛾 = 2.

1.

We initialise a uniform strategy for each player 𝑥0
𝐴 ∈ [0, 1]𝑛 and 𝑥0

𝐵 ∈ [0, 1]𝑚 over their 

respective action sets:

𝑥0
𝐴 ∈ [0, 1]𝑛 = 1

𝑛
𝟏

𝑥0
𝐵 ∈ [0, 1]𝑚 = 1

𝑚
𝟏

2.

We initialise the cumulative discounted regret for each action for each player to be 0:

𝑟0
𝐴 ∈ ℝ𝑛 = 𝟎

𝑟0
𝐵 ∈ ℝ𝑚 = 𝟎
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3.

We initialise a vector to keep track of the unnormalised average strategy for each player:

𝜎0
𝐴 ∈ ℝ𝑛 = 𝟎

𝜎0
𝐵 ∈ ℝ𝑚 = 𝟎

For each iteration 𝑡 ≥ 1:

1. Compute the utility vector for each player based on the opponent’s previous strategy:

𝑢𝑡
𝐴 ∈ ℝ𝑛 = 𝑀𝑥𝑡−1

𝐵

𝑢𝑡
𝐵 ∈ ℝ𝑚 = −𝑀⊤𝑥𝑡−1

𝐴

This utility vector gives the payoff of each pure action against the opponent’s previous 

mixed strategy.

2. Compute the payoff value for each player 𝑝 ∈ {𝐴, 𝐵} assuming they each play their 

previous strategy:

𝑐𝑡
𝑝 ∈ ℝ = (𝑥𝑡−1

𝑝 )⊤𝑢𝑡
𝑝

3. Compute the instantaneous regret for each action for each player:

𝑖𝑡𝐴 ∈ ℝ𝑛 = 𝑢𝑡
𝐴 − 𝟏𝑐𝑡

𝐴

𝑖𝑡𝐵 ∈ ℝ𝑚 = 𝑢𝑡
𝐵 − 𝟏𝑐𝑡

𝐵

The instantaneous regret for an action is the difference between the utility of that action 

and the expected utility given the player’s previous strategy. That is, we have more 

positive regret for actions that would have been better to play.

4. Discount and accumulate the regret for each action for each player:

𝑟𝑡
𝐴(𝑗) ∈ ℝ =

{

if 𝑟𝑡−1

𝐴 (𝑗) ≥ 0 then 𝑡𝛼

1+𝑡𝛼 𝑟𝑡−1
𝐴 (𝑗) + 𝑖𝑡𝐴(𝑗)

else 𝑡𝛽

1+𝑡𝛽 𝑟𝑡−1
𝐴 (𝑗) + 𝑖𝑡𝐴(𝑗)

for 𝑗 ∈ 1..𝑛

𝑟𝑡
𝐵(𝑗) ∈ ℝ =

{

if 𝑟𝑡−1

𝐵 (𝑗) ≥ 0 then 𝑡𝛼

1+𝑡𝛼 𝑟𝑡−1
𝐵 (𝑗) + 𝑖𝑡𝐵(𝑗)

else 𝑡𝛽

1+𝑡𝛽 𝑟𝑡−1
𝐵 (𝑗) + 𝑖𝑡𝐵(𝑗)

for 𝑗 ∈ 1..𝑚
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5. Compute the new strategy for each player by normalising the positive cumulative 

regret:

𝑦𝑡
𝐴(𝑗) ∈ ℝ = {if 𝑟𝑡

𝐴(𝑗) ≥ 0 then 𝑟𝑡
𝐴(𝑗)

else 0 for 𝑗 ∈ 1..𝑛

𝑥𝑡
𝐴 ∈ [0, 1]𝑛 = {

if ∑𝑛
𝑗=1 𝑦𝑡

𝐴(𝑗) > 0 then 𝑦𝑡
𝐴 ÷ ∑𝑛

𝑗=1 𝑦𝑡
𝐴(𝑗)

else 𝑥0
𝐴

𝑦𝑡
𝐵(𝑗) ∈ ℝ = {if 𝑟𝑡

𝐵(𝑗) ≥ 0 then 𝑟𝑡
𝐵(𝑗)

else 0 for 𝑗 ∈ 1..𝑚

𝑥𝑡
𝐵 ∈ [0, 1]𝑚 = {

if ∑𝑚
𝑗=1 𝑦𝑡

𝐵(𝑗) > 0 then 𝑦𝑡
𝐵 ÷ ∑𝑚

𝑗=1 𝑦𝑡
𝐵(𝑗)

else 𝑥0
𝐵

6. Accumulate the current strategy for each player:

𝜎𝑡
𝐴 ∈ ℝ𝑛 = ( 𝑡

𝑡 + 1
)

𝛾
𝜎𝑡−1

𝐴 + 𝑥𝑡
𝐴

𝜎𝑡
𝐵 ∈ ℝ𝑚 = ( 𝑡

𝑡 + 1
)

𝛾
𝜎𝑡−1

𝐵 + 𝑥𝑡
𝐵

7. Compute the average strategy for each player by normalising the accumulated 

strategy2:

𝑥𝑡
𝐴 ∈ [0, 1]𝑛 = 𝜎𝑡

𝐴 ÷ ∑
𝑛

𝑗=1
𝜎𝑡

𝐴(𝑗)

𝑥𝑡
𝐵 ∈ [0, 1]𝑚 = 𝜎𝑡

𝐵 ÷ ∑
𝑚

𝑗=1
𝜎𝑡

𝐵(𝑗)

8. Check for termination:

We can compute an upper bound for the minimax value at iteration 𝑡

max
𝑥𝐴

(𝑥𝐴)⊤𝑀(𝑥𝑡
𝐵)

and a lower bound as

min
𝑥𝐵

(𝑥𝑡
𝐴)⊤𝑀(𝑥𝐵)

2After the first iteration, the accumulated strategy should never be 0, so this case need not be checked.
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We can therefore terminate when the difference between the upper bound and lower 

bound is less than some threshold 𝜀 > 0.

9. When we terminate, we return the final result:

val(𝑀) = (𝑥𝑡
𝐴)⊤𝑀(𝑥𝑡

𝐵)
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Chapter 4

Symbolic Representation and 

Construction of CSGs

4.1. Symbolic Model Representation

We aim to construct an ADD 𝑇  and a BDD Avail that represent the transition function 

𝛿 and the availability set Δ from Section 3.1:

𝑇 : 𝑆 × ∏
𝑝∈𝑁

Act𝑝 × 𝑆′ → [0, 1]

Avail : 𝑆 × ∏
𝑝∈𝑁

Act𝑝 → 𝔹

where Act𝑝 denotes the ADD variables used to encode the action chosen by player 𝑝, 

including the encoding of ⊥𝑝. If Avail(𝑠, ⃗𝑎) = 0, then we require 𝑇 (𝑠, ⃗𝑎, 𝑠′) = 0 for all 𝑠′.

For each reward structure, we want to construct ADDs that represent the two reward 

functions:

𝑅𝑟
state : 𝑆 → ℝ

𝑅𝑟
trans : 𝑆 × ∏

𝑝∈𝑁
Act𝑝 → ℝ

We first construct 𝑇 (𝑠, ⃗𝑎, 𝑠′), 𝑅𝑟
state(𝑠) and 𝑅𝑟

trans(𝑠, ⃗𝑎) to take arbitrary values when 𝑠 or 

𝑠′ do not encode legitimate states. These illegitimate values will be zeroed out when we 

filter by reachability.

4.2. ADD Variables

Before constructing the ADDs, we declare the following groups of ADD variables.
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Group Symbol Number of Variables

Current state variables 𝑆 For each int: ⌈log2(range(𝑥))⌉ variables

For each bool: 1 variable

Next state variables 𝑆′ Same as above

Action variables ⋃𝑝∈𝑁 Act𝑝 ∑𝑝∈𝑁⌈log2(𝑛𝑝)⌉ variables

where 𝑛𝑝 is the number of actions for player 𝑝, 

including ⊥𝑝

Table 1: Groups of ADD Variables

Variable ordering is important for keeping ADDs compact and efficient.

We use the typical interleaved ordering for current-state and next-state variables that is 

used in PRISM-games for symbolic representation of MDPs and TSGs [13].

For action variables, we can decide to order them before, interleaved with, or after the 

state variables. However, to make the hybrid solver in Chapter 7 work, we will need to 

order all action variables after all state variables.

4.2.1. Dynamic Variable Reordering

To further improve the ordering, we enable CUDD’s automatic dynamic reordering. 

During model construction, we use the window-permutation method with window size 2 

[41, 42] as it performed best in ad hoc testing. Since parts of PRISM-games assume the 

original order is preserved, we restore that order at the end of model construction. This 

also restores the action variables to positions after the state variables for the hybrid solver.

4.3. Construction of Transition Relation

To construct the transition ADD, 𝑇 , we translate each command in each module sepa

rately, compose them together to form ADDs for each module, then finally compose the 

module ADDs together to form 𝑇 .

We first focus on translating a single CSG command. In general, the 𝑖th command of 

module 𝑀  has the form

𝜅𝑀
𝑖 ≔ [𝛼𝑀

𝑖,1, 𝛼𝑀
𝑖,2, …, 𝛼𝑀

𝑖,ℎ] 𝛾𝑀
𝑖 → 𝜆𝑀

𝑖,1 : 𝜇𝑀
𝑖,1 + … + 𝜆𝑀

𝑖,𝑚 : 𝜇𝑀
𝑖,𝑚

We drop the 𝑀  superscript when only talking about a single module.

Here, 𝜇𝑖,𝑗 corresponds to an update in the grammar while 𝜆𝑖,𝑗 is an update probability 

dependent on the current state. We observe that 𝜇𝑖,𝑗 is a relation over the old and new 

state variables. We construct a BDD Μ𝑖,𝑗 such that Μ𝑖,𝑗(𝑠, 𝑠′) = 1 iff 𝜇𝑖,𝑗(𝑠, 𝑠′) holds.
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Each 𝜇𝑖,𝑗 has the form:

𝜇𝑖,𝑗 = 𝜉𝑖,𝑗,1 ∧ … ∧ 𝜉𝑖,𝑗,𝑞

where 𝜉𝑖,𝑗,𝑘 = (𝑥𝑖,𝑗,𝑘 = 𝑒𝑖,𝑗,𝑘) corresponds to a single update_element, with 𝑥𝑖,𝑗,𝑘 being a 

primed variable, and 𝑒𝑖,𝑗,𝑘 being an expression over primed and unprimed variables. We 

will translate each of these update_elements into BDDs over 𝑆 and 𝑆′ individually.

To do so, we construct ADDs 𝐿𝑖,𝑗,𝑘 : 𝑆 × 𝑆′ → ℤ and 𝑅𝑖,𝑗,𝑘 : 𝑆 × 𝑆′ → ℤ that represent 

the left-hand side and right-hand side of each update element respectively. These are 

constructed recursively over their respective expressions, with the recursive cases being 

identical to those used in symbolic model checking of other models in PRISM [13]. The 

elegant trick permitting the use of primed variables in updates is allowing base cases 

where the variable is primed; we simply return a BDD 𝑓 where 𝑓(𝑠, 𝑠′) represents the 

value of the primed variable in state 𝑠′. We can then set Ξ𝑖,𝑗,𝑘 = Apply(=, 𝐿𝑖,𝑗,𝑘, 𝑅𝑖,𝑗,𝑘).

These are joined together to form an ADD representing the entire update.

Μ𝑖,𝑗 = Ξ𝑖,𝑗,1 ∧ … ∧ Ξ𝑖,𝑗,𝑞

We may also need to modify 𝜇𝑖,𝑗 from what is seen in the CSG model’s description to 

include constant update elements of the form 𝑣′ = 𝑣 for all variables 𝑣 that are owned by 

the module but not changed by the command. Otherwise, there will be additional degrees 

of freedom that allow unintended transitions in the overall transition ADD. We can handle 

these unchanged variables while only considering each command separately, since in each 

module only one command will be the active command for any state and action tuple, 

and furthermore, variables can only be modified by the module that owns them.

We then construct a BDD Α to encode the action list, such that

Α𝑖(𝑎1, …, 𝑎ℎ) = {
1 if 𝑎𝛼𝑗

= 𝛼𝑗∀𝑗  ∈ [1..ℎ]
0 otherwise

where 𝑎𝛼𝑗
 is the action selected by its player 𝑝𝛼𝑗

.

We do so by creating BDDs Α𝑖,𝑗 : Act𝑝𝛼𝑗
→ 𝔹 that represent whether action 𝛼𝑗 is selected 

by 𝑝𝛼𝑗
. In our implementation, actions of player 𝑝 are binary encoded by Act𝑝, thus 

we order all the actions of each player and Α𝑖,𝑗 is constructed based on the binary 

representation of 𝛼𝑗’s index amongst the actions of 𝑝𝛼𝑗
.
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We next set Α𝑖 = ⋀
𝑗∈[1..ℎ]

Α𝑖,𝑗. The action variables for players with none of their actions 

mentioned in the action list do not affect the validity of the command, which is the 

intended semantics. For an empty action list, Α𝑖 is the constant true BDD.

We construct BDD Γ𝑖 to encode the guard, such that Γ𝑖(𝑠) = 1 iff 𝛾𝑖(𝑠) holds. This is done 

by recursing over the structure of the guard, and is the same as what is done in symbolic 

model checking of MDPs and TSGs.

Similarly, we construct Λ𝑖,𝑗 to encode the update probability 𝜆𝑖,𝑗 by recursing over the 

structure of 𝜆𝑖,𝑗, with the base case being a constant probability.

We combine these together for the whole command as

Κ𝑖 = (Α𝑖 ∧ Γ𝑖) × (Λ𝑖,1 × Μ𝑖,1 + … + Λ𝑖,𝑚 × Μ𝑖,𝑚)

To translate whole modules, we combine the effects of ADDs within the same module 

on the module’s state by adding them together, Θ𝑀 = Κ𝑀
1 + … + Κ𝑀

𝑐 . This is valid as 

all Α𝑖 ∧ Γ𝑖 are disjoint and so only one command can be active for any state and action 

tuple.

For non-player modules 𝑀 , we also create an ADD representing the identity transition 

for the case where no command is active:

Κ𝑀
id = ¬((Α𝑀

1 ∧ Γ𝑀
1 ) ∨ … ∨ (Α𝑀

𝑐 ∧ Γ𝑀
𝑐 )) × Μ𝑀

id = ¬Ζ𝑀
active × Μ𝑀

id

where Μ𝑀
id  is the identity relation over the state variables of module 𝑀  and Ζ𝑀

active is 

the BDD representing whether any command in module 𝑀  is active with respect to the 

current state and action tuple.

For each non-player module, we add its identity transition for states/action tuples where 

no command is active, and then multiply the resulting module ADDs because modules 

execute synchronously.

𝑇non-player = ∏
non-player module 𝑀

(Θ𝑀 + Κ𝑀
id )

For player modules, we cannot construct an idle action only based on the guards of 

commands within the module. The condition for the idle action being available is that 

every non-idle action is unavailable in at least one of the player’s modules. We thus need to 
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consider all modules of a specific player before being able to construct the idle transitions 

for the player’s modules.

This means that for each player 𝑝 and action 𝑎 of 𝑝, we should export from each module 

𝑀 , a BDD Available𝑀
𝑝,𝑎 that represents whether action 𝑎 is available in module 𝑀 . An 

action 𝑎 is available in module 𝑀  if there exists one command 𝑖 with 𝛼𝑀
𝑖,1 = 𝑎 such that 

𝛾𝑀
𝑖  is satisfied by the current state. Furthermore, we also need to export the identity 

transition Μ𝑀
id  for each module 𝑀  controlled by player 𝑝.

We can then join these separately to form the identity update for all the player’s modules: 

∏𝑀∈Modules𝑝
Μ𝑀

id , as well as the condition for the idle action being available:

Stuck𝑝 = ∏
𝑎∈𝐴𝑝\{𝑎⊥𝑝}

Stuck𝑝,𝑎 = ∏
𝑎∈𝐴𝑝\{𝑎⊥𝑝}

¬ ∏
𝑀∈Modules𝑝

Available𝑀
𝑝,𝑎

We then combine this together with the rest of the module transitions for player 𝑝 via

𝑇𝑝 =
(
Stuck𝑝 × Α⊥𝑝

× ∏
𝑀∈Modules𝑝

Μ𝑀
id

)
 + ∏

𝑀∈Modules𝑝

Θ𝑀

The overall transition relation is then given by

𝑇 = 𝑇non-player × ∏
𝑝

𝑇𝑝

4.4. Correctness Argument

We now sketch why the construction is correct.

Α𝑀
𝑖  is a BDD that returns true if and only if the action tuple 𝑎 is compatible with the 

action list of command 𝜅𝑀
𝑖 . Γ𝑀

𝑖  is a BDD that returns true if and only if the guard of 

command 𝜅𝑀
𝑖  is satisfied by state 𝑠. Μ𝑀

𝑖,𝑗 is a BDD that returns true if and only if the 

update 𝜇𝑀
𝑖,𝑗 holds between states 𝑠 and 𝑠′.

Thus, Κ𝑀
𝑖  is an ADD such that Κ𝑀

𝑖 (𝑠, 𝑎, 𝑠′) gives the probability that we transition from 

𝑠 to 𝑠′ when action tuple 𝑎 is taken, assuming that 𝑀  only contains the single command 

𝜅𝑀
𝑖  and that all variables from other modules can take arbitrary values. If 𝑠 does not 

satisfy the guard, or 𝑎 does not satisfy the action list, then this probability will correctly 

be 0 for every 𝑠′. On the other hand, if 𝑠 satisfies the guard and 𝑎 satisfies the action list, 

then for every 𝑠′ that respects some update(s) of 𝜅𝑀
𝑖 , the probability will be the sum of 

the relevant 𝜆𝑀
𝑖,𝑗 of the update(s) that result in 𝑠′ for the variables of module 𝑀 .

32



Θ𝑀  is then an ADD such that Θ𝑀(𝑠, 𝑎, 𝑠′) gives the probability that we transition from 

𝑠 to 𝑠′ when action tuple 𝑎 is taken, assuming that 𝑀  contains all its commands, all 

variables from other modules can take arbitrary values and there are no idle transitions for 

module 𝑀 . This comes from the fact that for every (𝑠, 𝑎, 𝑠′), Θ𝑀(𝑠, 𝑎, 𝑠′) = Κ𝑀
𝑖 (𝑠, 𝑎, 𝑠′) 

for the unique command 𝜅𝑀
𝑖  that is active for (𝑠, 𝑎), and 0 if no command is active.

For non-player modules, Θ𝑀 + Κ𝑀
id  is such that (Θ𝑀 + Κ𝑀

id )(𝑠, 𝑎, 𝑠′) gives the probability 

that we transition from 𝑠 to 𝑠′ when action tuple 𝑎 is taken, assuming that 𝑀  contains 

all its commands, all variables from other modules can take arbitrary values and idle 

transitions are allowed. The only difference from Θ𝑀  is that if no command is active for 

(𝑠, 𝑎), then we transition to 𝑠′ with probability 1 if 𝑠 = 𝑠′, and 0 otherwise, which is the 

intended semantics.

For player modules, ∏𝑀∈Modules𝑝
Θ𝑀  gives the probability that we transition from 𝑠 to 

𝑠′ when action tuple 𝑎 is taken, assuming that all modules of player 𝑝 contain all their 

commands, all variables from modules not owned by 𝑝 can take arbitrary values and 

no idle transitions are allowed by player 𝑝. This is because the relevant update that is 

selected by each module that respects the transition (𝑠, 𝑎, 𝑠′) is done independently, and 

so we can multiply the probabilities together. For states 𝑠 where no non-idle action can 

be taken, (∏𝑀∈Modules𝑝
Θ𝑀)(𝑠, 𝑎, 𝑠′) = 0 for each 𝑎 and 𝑠′, allowing us to add on idle 

transitions.

𝑇𝑝 then includes the idle transition for player 𝑝. 𝑇𝑝(𝑠, 𝑎, 𝑠′) with 𝑎𝑝 = ⊥𝑝 has a value 

of 1 if and only if 𝑠 and 𝑠′ agree on the values within modules owned by 𝑝 and 𝑝 is 

stuck. Apart from where 𝑎𝑝 = ⊥𝑝, it has the same behaviour as ∏𝑀∈Modules𝑝
Θ𝑀 , thus it 

correctly modifies the transition probabilities only for player 𝑝’s idle action.

Finally, since all modules execute synchronously and the relevant updates are selected 

independently of each other, the overall transition ADD 𝑇  correctly gives the probability 

of transitioning from 𝑠 to 𝑠′ when action tuple 𝑎 is taken, accounting for idle actions from 

all players and identity transitions of non-player modules.

4.5. Construction of Reward Structures

A state reward item has the form:

𝜐𝑖 = 𝛾𝑖 : 𝜌𝑖

A transition reward item has the form:
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𝜄𝑖 = [𝛼𝑖,1, 𝛼𝑖,2, …, 𝛼𝑖,ℎ] 𝛾𝑖 : 𝜌𝑖

where 𝛼𝑖,𝑗 are actions, all from different players, 𝛾𝑖 is a guard, and 𝜌𝑖 is a reward 

expression.

Similar to the translation of each command, we translate each reward item separately 

and merge them together.

Suppose there are 𝑞 state reward items and 𝑚 transition reward items. For each state 

reward item 𝜐𝑖, we construct an ADD to represent the reward for being in specific states as

Υ𝑖 = Γ𝑖 × Ρ𝑖

For each transition reward item 𝜄𝑖, we construct an ADD to represent the reward for 

taking specific transitions as

Ι𝑖 = (Γ𝑖 ∧ Α𝑖) × Ρ𝑖

where Α𝑖 and Γ𝑖 are constructed similarly as in the command translation. Ρ𝑖 is constructed 

recursively over the structure of the reward expression in a manner identical to existing 

work done for symbolic model checking of TSGs [14].

Since all reward elements independently contribute to the overall reward as part of a sum, 

we can combine them via:

𝑅state = ∑
𝑞

𝑖=1
Υ𝑖

𝑅trans = ∑
𝑚

𝑖=1
Ι𝑖

4.6. Reachability

Reachability restricts the set of states considered when the model checking algorithm is 

run from a set of initial states 𝑆initial. This prunes illegitimate and unreachable states from 

the ADDs.

The set of reachable states can be computed symbolically using a fixed point computation. 

We first define the deterministic transition relation 𝑇det to be:

𝑇det : 𝑆 × 𝑆′ → 𝔹 = ThereExists(∏
𝑝∈𝑁

Act𝑝, 𝑇 > Constant(0))
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This gives us 𝑇det(𝑠, 𝑠′) = 1 iff there is some action tuple 𝑎 such that 𝑇 (𝑠, 𝑎, 𝑠′) is positive, 

i.e. it is possible to directly transition from 𝑠 to 𝑠′.

We then use the standard reachability least fixed-point computation from non-proba

bilistic symbolic model checking:

𝑈0
reachable = 𝑆initial

𝑈𝑘
reachable = 𝑈𝑘−1

reachable ∨ ReplaceVars(𝑆′ ↦ 𝑆, ThereExists(𝑆, 𝑈𝑘−1
reachable ∧ 𝑇det))

We can then prune 𝑇  to only contain transitions from reachable states via:

𝑇reachable = 𝑇 × 𝑈reachable

and this 𝑇reachable can then be used for model checking.

We thus reassign 𝑇 ≔ 𝑇reachable.

We now compute the availability function:

Avail = ThereExists(𝑆′, 𝑇 > 0)

and can prune the reward functions:

𝑅′
state = 𝑅state × 𝑈reachable

𝑅′
trans = 𝑅trans × Avail
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Chapter 5

Symbolic Model Checking of CSGs

We adapt the model checking algorithms in Section 3.3 to work symbolically with ADDs.

We will represent the solution to a property check 𝑉𝐺,𝐶(𝜑) : 𝑆 → 𝔹 from Section 3.3 as a 

BDD of the same form.

To compute 𝑉 (𝜑), we build up the solution recursively over the structure of 𝜑.

We let 𝑉U : 𝑆 → 𝔹 be the BDD representing the set of all reachable states from 𝑆initial, 

computed in Section 4.6.

The simple cases are:

𝑉 (true) = 𝑉U

𝑉 (𝑎) = 𝑉U ∧ 𝑆𝑎 where 𝑆𝑎 is a BDD that represents {𝑠 | 𝑎 ∈ 𝐿(𝑠)}

𝑉 (¬𝜑) = 𝑉U ∧ ¬𝑉 (𝜑)

𝑉 (𝜑1 ∧ 𝜑2) = 𝑉 (𝜑1) ∧ 𝑉 (𝜑2)

For ⟪𝐶⟫𝑃∼𝑞[𝜓] we compute the following:

𝑉 (⟪𝐶⟫𝑃>𝑞[𝜓]) = 𝑉U ∧ (𝑉 (⟪𝐶⟫𝑃max =?[𝜓]) > Constant(𝑞))

𝑉 (⟪𝐶⟫𝑃≥𝑞[𝜓]) = 𝑉U ∧ (𝑉 (⟪𝐶⟫𝑃max =?[𝜓]) ≥ Constant(𝑞))

𝑉 (⟪𝐶⟫𝑃<𝑞[𝜓]) = 𝑉U ∧ (𝑉 (⟪𝐶⟫𝑃min =?[𝜓]) < Constant(𝑞))

𝑉 (⟪𝐶⟫𝑃≤𝑞[𝜓]) = 𝑉U ∧ (𝑉 (⟪𝐶⟫𝑃min =?[𝜓]) ≤ Constant(𝑞))

where 𝑉 (⟪𝐶⟫𝑃max =?(𝜓)) : 𝑆 → [0, 1] is the solution to the maximum probabilistic reach

ability problem for the coalition 𝐶 with respect to path property 𝜓, as introduced in 

Section 3.2.3.

For ⟪𝐶⟫𝑅𝑟
∼𝑥[𝜌] we analogously do:
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𝑉 (⟪𝐶⟫𝑅𝑟
>𝑥[𝜌]) = 𝑉U ∧ (𝑉 (⟪𝐶⟫𝑅𝑟

max =?[𝜌]) > Constant(𝑥))

𝑉 (⟪𝐶⟫𝑅𝑟
≥𝑥[𝜌]) = 𝑉U ∧ (𝑉 (⟪𝐶⟫𝑅𝑟

max =?[𝜌]) ≥ Constant(𝑥))

𝑉 (⟪𝐶⟫𝑅𝑟
<𝑥[𝜌]) = 𝑉U ∧ (𝑉 (⟪𝐶⟫𝑅𝑟

min =?[𝜌]) < Constant(𝑥))

𝑉 (⟪𝐶⟫𝑅𝑟
≤𝑥[𝜌]) = 𝑉U ∧ (𝑉 (⟪𝐶⟫𝑅𝑟

min =?[𝜌]) ≤ Constant(𝑥))

As in Section 3.3, to handle 𝑅𝑟
min / max =? and 𝑃min / max =? we will need to solve multiple 

matrix games during the model checking process.

We first define the action set for the coalitions as

Act𝐶 ≔ ∏
𝑖∈𝐶

Act𝑖,  Act𝑁\𝐶 ≔ ∏
𝑖∈𝑁\𝐶

Act𝑖

We can then define the operation

Val : (𝑆 → Act𝐶 × Act𝑁\𝐶 → ℝ)

× (𝑆 → Act𝐶 × Act𝑁\𝐶 → 𝔹)

× ADDVars × ADDVars → (𝑆 → ℝ)

such that:

Val(𝑍, Av, Act𝐶 , Act𝑁\𝐶)(𝑠) is the minimax value of the matrix game between 𝐶 and 

𝑁 \ 𝐶 defined by 𝑍(𝑠).

𝑍 is the ADD that represents the payoff values for each state for each selected action 

tuple. We allow 𝑍(𝑠, ⃗𝑎𝐶 , ⃗𝑎𝑁\𝐶) to take arbitrary values when Av(𝑠, ⃗𝑎𝐶 , ⃗𝑎𝑁\𝐶) = 0.

Av is the availability set that specifies which action tuples are admissible at each state, 

usually passed as Avail from Section 4.1.

Act𝐶 and Act𝑁\𝐶 specify which variables are part of the maximising and minimising 

players respectively.

This generalises the val operation used in Section 3.3 to solve multiple matrix games each 

indexed by states, simultaneously. We describe a purely symbolic algorithm to compute 

Val in Chapter 6 and an efficient hybrid algorithm in Chapter 7.
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5.1. Maximum/Minimum Probabilistic Reachability

As 𝑉 (⟪𝐶⟫𝑃min =?(𝜓)) = 𝑉 (⟪𝑁 \ 𝐶⟫𝑃max =?(𝜓)), we only need to describe how to compute 

𝑉 (⟪𝐶⟫𝑃max =?(𝜓)).

As in the explicit-state algorithm, to compute 𝑉 (⟪𝐶⟫𝑃max =?(𝜓)), we consider the struc

ture of 𝜓.

5.1.1. Next

If 𝜓 = 𝚇𝜑, we compute

𝑉 (⟪𝐶⟫𝑃max =?(𝚇𝜑)) = Val(MVMult(𝑇 , ReplaceVars(𝑆 ↦ 𝑆′, 𝑉 (𝜑)), 𝑆′),

Avail, Act𝐶 , Act𝑁\𝐶)

5.1.2. Bounded Until

If 𝜓 = 𝜑1 𝚄≤𝑘 𝜑2, we compute 𝑉𝑛 = 𝑉 (⟪𝐶⟫𝑃max =?(𝜑1 𝚄≤𝑛 𝜑2)) for all 𝑛 ∈ [0..𝑘] via:

𝑉0 = 𝑉 (𝜑2)

𝑉𝑛 = IfThenElse(𝑉 (𝜑2), Constant(1), Val(𝑍𝑛, Avail?, Act𝐶 , Act𝑁\𝐶))

where Avail? = (𝑉 (𝜑1) ∧ ¬𝑉 (𝜑2)) ∧ Avail

𝑇? = Restrict(Restrict(𝑇 , Avail?), ReplaceVars(𝑆 ↦ 𝑆′, 𝑉U))

𝑍𝑛 = MVMult(𝑇?, ReplaceVars(𝑆 ↦ 𝑆′, 𝑉𝑛−1), 𝑆′)

We make use of Restrict to reduce the size of 𝑇  as much as possible while still preserving 

correctness on relevant states.

5.1.3. Until

Using the same logic as in Section 3.3, 𝑉 (⟪𝐶⟫𝑃max =?(𝜑1 𝚄 𝜑2)) can be found by doing 

the bounded until iteratively until convergence.

We describe in detail how to perform the pre-computation algorithms from [24] symbol

ically.

5.1.3.1. Prob 1

The set of states that have maximum probability 1 of satisfying 𝜑1 𝚄 𝜑2, 

𝑣(⟪𝐶⟫𝑃max =1(𝜑1 𝚄 𝜑2)) ⊆ 𝑆 can be found via an adaptation of the “almost-surely” 

reachable algorithm described in [24].

𝑣(⟪𝐶⟫𝑃max =1(𝜑1 𝚄 𝜑2)) = 𝜈𝑦.𝜇𝑥.((apre𝐶(𝑦, 𝑥) ∩ 𝑣(𝜑1)) ∪ 𝑣(𝜑2))

where:
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• apre𝐶 : 2𝑆 × 2𝑆 → 2𝑆 is the predecessor operator for computing almost surely reach

ability. apre𝐶(𝑦, 𝑥) represents the states where the players in coalition 𝐶 can ensure 

that the next state is in 𝑦 with probability 1, and also ensure that there is a non-zero 

probability of reaching a state in 𝑥.

• 𝜈 and 𝜇 are the greatest and least fixed point operators respectively.

• 𝑣(𝜑1) ⊆ 𝑆 and 𝑣(𝜑2) ⊆ 𝑆 are the sets of states satisfying 𝜑1 and 𝜑2 respectively.

apre𝐶(𝑦, 𝑥) can be computed as follows:

𝑠 ∈ apre𝐶(𝑦, 𝑥) ⇔ 𝐵𝑠
𝑥(𝐴𝑠

𝑦) = act𝑠
𝑁\𝐶

𝐴𝑠
𝑦 = {𝑎 ∈ act𝑠

𝐶 | ∀𝑏 ∈ act𝑠
𝑁\𝐶 ∀𝑠′ ∈ 𝑆 𝛿(⟪𝑎, 𝑏⟫, 𝑠, 𝑠′) > 0 → 𝑠′ ∈ 𝑦}

𝐵𝑠
𝑥(𝐴) = {𝑏 ∈ act𝑠

𝑁\𝐶 | ∃𝑎 ∈ 𝐴 ∃𝑠′ ∈ 𝑆 𝛿(⟪𝑎, 𝑏⟫, 𝑠, 𝑠′) > 0 ∧ 𝑠′ ∈ 𝑥}

where act𝑠
𝐶 is the set of available actions for coalition 𝐶 at state 𝑠.

This can be computed via the following nested fixed point iteration:

𝑦0 = 𝑣U

𝑦𝑛 = 𝑥𝑛,∞ ∀𝑛 ≥ 1

𝑥𝑛,0 = ∅ ∀𝑛 ≥ 1

𝑥𝑛,𝑚 = (Apre𝐶(𝑦𝑛−1, 𝑥𝑛,𝑚−1) ∩ 𝑣(𝜑1)) ∪ 𝑣(𝜑2) ∀𝑛, 𝑚 ≥ 1

where 𝑣U is the set of reachable states.

Upon convergence, we have 𝑣(⟪𝐶⟫𝑃max =1(𝜑1 𝚄 𝜑2)) = 𝑦∞.

We can compute apre𝐶(𝑦, 𝑥) symbolically using BDD inputs 𝑌 : 𝑆 → 𝔹 and 𝑋 : 𝑆 → 𝔹 

as follows, yielding an operator of the form Apre𝐶 : (𝑆 → 𝔹) × (𝑆 → 𝔹) → (𝑆 → 𝔹).

𝐴𝑌 = Avail𝐶 ∧ ForAll(Act𝑁\𝐶 , Implies(Avail𝑁\𝐶 ,

ForAll(𝑆′,

Implies(𝑇+, ReplaceVars(𝑆 ↦ 𝑆′, 𝑌 )))))

𝐵𝑋(𝐴) = Avail𝑁\𝐶 ∧ ThereExists(Act𝐶 , Avail𝐶 ∧ 𝐴 ∧

ThereExists(𝑆′, 𝑇+ ∧ ReplaceVars(𝑆 ↦ 𝑆′, 𝑋)))

Apre𝐶(𝑌 , 𝑋) = ForAll(Act𝑁\𝐶 , Implies(Avail𝑁\𝐶 , 𝐵𝑋(𝐴𝑌 )))
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where:

Avail𝐷 : 𝑆 × Act𝐷 → 𝔹 = ThereExists(Act𝑁\𝐷, Avail)

𝑇+ : 𝑆 × Act𝐶 × Act𝑁\𝐶 × 𝑆′ → 𝔹 = 𝑇 > Constant(0)

Then, the rest of the fixed point iterations can be done as:

𝑌0 = 𝑉U

𝑌𝑛 = 𝑋𝑛,∞ ∀𝑛 ≥ 1

𝑋𝑛,0 = Constant(0) ∀𝑛 ≥ 1

𝑋𝑛,𝑚 = (Apre𝐶(𝑌𝑛−1, 𝑋𝑛,𝑚−1) ∧ 𝑉 (𝜑1)) ∨ 𝑉 (𝜑2) ∀𝑛, 𝑚 ≥ 1

Since both 𝑋 and 𝑌  change monotonically, the nested fixed point iteration will converge 

in at most |𝑉U|2 iterations.

5.1.3.2. Prob 0

The set of states that have maximum probability 0 of satisfying 𝜑1 𝚄 𝜑2 can be computed 

as:

𝑉 (⟪𝐶⟫𝑃max =0(𝜑1 𝚄 𝜑2)) = 𝑉 (⟪𝑁 \ 𝐶⟫𝑃max =1(𝙶¬𝜑2)) ∨

𝑉 (⟪𝑁 \ 𝐶⟫𝑃max =1(¬𝜑2 𝚄 (¬𝜑1 ∧ ¬𝜑2)))

That is, these are the states where the players in 𝑁 \ 𝐶 can always ensure either that 𝜑2 

is never satisfied or that 𝜑2 remains unsatisfied until 𝜑1 is violated.

The second part 𝑉 (⟪𝑁 \ 𝐶⟫𝑃max =1(¬𝜑2 𝚄 (¬𝜑1 ∧ ¬𝜑2))) can be computed via the same 

pre-computation algorithm for probability 1 states described above, swapping the roles 

of the coalitions and replacing 𝜑1 and 𝜑2 with ¬𝜑2 and ¬𝜑1 ∧ ¬𝜑2 respectively.

We compute 𝑣(⟪𝑁 \ 𝐶⟫𝑃max =1(𝙶¬𝜑2)) via the following (adapted from [24]):

𝑣(⟪𝑁 \ 𝐶⟫𝑃max =1(𝙶¬𝜑2)) = 𝜈𝑥.(pre𝑁\𝐶(𝑥) ∩ 𝑣(¬𝜑2))

where:

pre𝑁\𝐶(𝑋) = {𝑠 ∈ 𝑆 | ∃𝑎𝑁\𝐶 ∈ act𝑠
𝑁\𝐶∀𝑎𝐶 ∈ act𝑠

𝐶∀𝑠′ ∈ 𝑆

(𝛿(⟪𝑎𝐶 , 𝑎𝑁\𝐶⟫, 𝑠, 𝑠′) > 0 → 𝑠′ ∈ 𝑋)}

and 𝜈 is the greatest fixed point operator.
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This can be computed via the following greatest fixed point iteration:

𝑥0 = 𝑣U \ 𝑣(𝜑2)

𝑥𝑛 = pre𝑁\𝐶(𝑥𝑛−1) ∩ (𝑣U \ 𝑣(𝜑2)) ∀𝑛 ≥ 1

Then finally

𝑣(⟪𝐶⟫𝑃max =0(𝜑1 𝚄 𝜑2)) = 𝑥∞ ∪ 𝑣(⟪𝑁 \ 𝐶⟫𝑃max =1(¬𝜑2 𝚄 (¬𝜑1 ∧ ¬𝜑2)))

The fixed point computation can be done symbolically via:

𝑋0 = 𝑉U ∧ ¬𝑉 (𝜑2)

𝑋𝑛 = (𝑉U ∧ ¬𝑉 (𝜑2)) ∧ ThereExists(Act𝑁\𝐶 , Avail𝑁\𝐶 ∧

ForAll(Act𝐶 , Implies(Avail𝐶 ,

ForAll(𝑆′,

Implies(𝑇+, ReplaceVars(𝑆 ↦ 𝑆′, 𝑋𝑛−1))))))

Since 𝑋 has states removed from it monotonically, this will finish in at most |𝑉U| iterations.

Finally, we combine both parts to get

𝑉 (⟪𝐶⟫𝑃max =0(𝜑1 𝚄 𝜑2)) = 𝑋∞ ∨ 𝑉 (⟪𝑁 \ 𝐶⟫𝑃max =1(¬𝜑2 𝚄 (¬𝜑1 ∧ ¬𝜑2)))

Since this uses the Prob 1 algorithm, the total number of iterations taken is 𝑂(|𝑉U|2).

5.1.3.3. Quantitative Value Iteration

After doing pre-computation, we will have three BDDs 𝑉max =0, 𝑉max =1, 𝑉? = 𝑉U ∧
¬(𝑉max =0 ∨ 𝑉max =1) that correspond to states that have probability 0, probability 1, and 

unknown probability of satisfying the until property respectively.

We can then use the bounded-until value iteration algorithm to get 𝑉0, 𝑉1, 𝑉2, … until we 

find that the values of 𝑉𝑛 : 𝑆 → [0, 1] converge.

While doing so, we restrict 𝑇? to matrix games for states in 𝑉? to reduce the computational 

load.

41



𝑉0 = 𝑉max =1

𝑉𝑛 = IfThenElse(𝑉max =1, Constant(1), Val(𝑍𝑛, Avail?, Act𝐶 , Act𝑁\𝐶))

where Avail? = Avail ∧ 𝑉?

𝑇? = Restrict(Restrict(𝑇 , Avail?), ReplaceVars(𝑆 ↦ 𝑆′, 𝑉U))

𝑍𝑛 = MVMult(𝑇?, ReplaceVars(𝑆 ↦ 𝑆′, 𝑉𝑛−1), 𝑆′)

Since Avail? does not include the states in 𝑉max =0, 𝑉𝑛 is guaranteed to be 0 for states in 

𝑉max =0, thus we do not need to explicitly set it to 0.

We test for convergence via

supnorm(𝑉𝑛, 𝑉𝑛−1) < 𝜀

where

• supnorm(𝑓, 𝑔) = max𝑠∈𝑆|𝑓(𝑠) − 𝑔(𝑠)|, i.e. the maximum absolute error

• 𝜀 ∈ ℝ+ is a small constant representing the acceptable error

At this point, we can return 𝑉 (⟪𝐶⟫𝑃max =?(𝜑1 𝚄 𝜑2)) = 𝑉𝑛.

5.2. Maximum Expected Reward

As above, we deal with reward-based properties by focusing on computing 

𝑉 (⟪𝐶⟫𝑅𝑟
max =?(𝜌)), and do so by considering the structure of 𝜌.

Since each of the reward-based operators are checked only with reference to a single 

reward structure, we drop the 𝑟 superscript for clarity.

We reuse the Val operator from Section 5.1 to solve the matrix games that arise.

5.2.1. Instantaneous Reward

To compute 𝑉 (⟪𝐶⟫𝑅max =?[𝙸=𝑛]), we do

𝑉0 = 𝑅state

𝑉𝑛 = Val(𝑍𝑛, Avail, Act𝐶 , Act𝑁\𝐶)

where 𝑇? = Restrict(Restrict(𝑇 , Avail), ReplaceVars(𝑆 ↦ 𝑆′, 𝑉U))

𝑍𝑛 = MVMult(𝑇?, ReplaceVars(𝑆 ↦ 𝑆′, 𝑉𝑛−1), 𝑆′)

and return 𝑉 (⟪𝐶⟫𝑅max =?[𝙸=𝑛]) = 𝑉𝑛.

5.2.2. Bounded Cumulative Rewards

To compute 𝑉 (⟪𝐶⟫𝑅max =?[𝙲≤𝑛]), we do:
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𝑉0 = Constant(0)

𝑉𝑛 = Val(𝑍𝑛, Avail, Act𝐶 , Act𝑁\𝐶) + 𝑅state

where 𝑇? = Restrict(Restrict(𝑇 , Avail), ReplaceVars(𝑆 ↦ 𝑆′, 𝑉U))

𝑅trans? = Restrict(𝑅trans, Avail)

𝑍𝑛 = 𝑅trans? + MVMult(𝑇?, ReplaceVars(𝑆 ↦ 𝑆′, 𝑉𝑛−1), 𝑆′)

and return 𝑉 (⟪𝐶⟫𝑅max =?[𝙲≤𝑛]) = 𝑉𝑛.

5.2.3. Expected Reachability

To compute 𝑉 (⟪𝐶⟫𝑅max =?[𝙵𝜑]), we first use 𝑉∞ = 𝑉 (⟪𝐶⟫𝑃<1(𝙵𝜑)) via the pre-compu

tation algorithm in Section 5.1.3.1.

We next construct 𝑅𝛾 = (𝑅𝛾
state, 𝑅

𝛾
trans) via

𝑅𝛾
state = IfThenElse((𝑅state = 0) ∧ 𝑉U, Constant(𝛾), 𝑅state)

𝑅𝛾
trans = IfThenElse(𝑅trans = 0, Constant(𝛾), 𝑅trans)

Analogous to maximum probabilistic reachability, we focus only on states whose expected 

rewards are not known to be infinite or zero and use Restrict to minimise the size of 

the ADDs.

𝑉𝜑 = 𝑉 (𝜑)

Avail? = Avail ∧ ¬𝑉∞ ∧ ¬𝑉𝜑

𝑅𝛾
state? = 𝑅𝛾

state × (¬𝑉∞ ∧ ¬𝑉𝜑)

𝑅𝛾
trans? = Restrict(Restrict(𝑅𝛾

trans, Avail?), ReplaceVars(𝑆 ↦ 𝑆′, 𝑉U))

𝑇? = Restrict(𝑇 , Avail?)

We then do the value iteration as follows:

𝑉 𝛾
0 = 𝑉∞ × ∞

𝑉 𝛾
𝑛 = IfThenElse(𝑉∞, ∞, 𝑅𝛾

state? + Val(𝑍𝑛, Avail?, Act𝐶 , Act𝑁\𝐶))

where 𝑍𝑛 = 𝑅𝛾
trans? + MVMult(𝑇?, ReplaceVars(𝑆 ↦ 𝑆′, 𝑉 𝛾

𝑛−1), 𝑆′)

Since Avail? does not include the states in 𝑉𝜑, 𝑉 𝛾
𝑛  is guaranteed to be 0 for states in 𝑉𝜑 

and thus we do not need to explicitly set it to 0.

We repeat until convergence, tested via the supnorm operation as in Section 5.1.
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We perform the second value iteration in a similar manner but with initial values deter

mined by the final values from the previous value iteration, 𝑉 𝛾
𝑁 .

𝑅state? = 𝑅state × (¬𝑉∞ ∧ ¬𝑉𝜑)

𝑅trans? = Restrict(Restrict(𝑅trans, Avail?), ReplaceVars(𝑆 ↦ 𝑆′, 𝑉U))

𝑉0 = 𝑉∞ × ∞ + 𝑉 𝛾
𝑁

𝑉𝑛 = IfThenElse(𝑉∞, ∞, 𝑅state? + Val(𝑍𝑛, Avail?, Act𝐶 , Act𝑁\𝐶))

where 𝑍𝑛 = 𝑅trans? + MVMult(𝑇?, ReplaceVars(𝑆 ↦ 𝑆′, 𝑉𝑛−1), 𝑆′)

We use the same convergence criterion as before, returning 𝑉 (⟪𝐶⟫𝑅max =?[𝙵𝜑]) = 𝑉𝑁  upon 

convergence.
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Chapter 6

Symbolic Minimax via Symbolic 

Discounted Regret Matching

In this section, we describe a novel fully symbolic implementation of 

Val(𝑍, Avail, Act𝐶 , Act𝑁\𝐶) for the symbolic model checking algorithms in Chapter 5.

Rather than adapting from linear programming, we focus on regret matching, which has 

control flow independent of the payoff matrix entries, naturally allowing for a symbolic 

adaptation.

We first ignore coalitions and consider two-player zero-sum games with action sets 𝐴𝐴 

and 𝐴𝐵 for players A (maximiser) and B (minimiser) respectively.

The payoff matrices for all states are represented as a single ADD

𝑍 : 𝑆 → Act𝐴 × Act𝐵 → ℝ

Here, 𝑍(𝑠) : Act𝐴 × Act𝐵 → ℝ represents the payoff matrix for the two-player zero-sum 

game at state 𝑠. Specifically, 𝑍(𝑠)(𝑎𝐴, 𝑎𝐵) gives the utility that player A receives when 

player A plays action 𝑎𝐴 and player B plays action 𝑎𝐵 at state 𝑠.

Our aim is to find a state-indexed ADD of minimax values: Val(𝑍, Avail, Act𝐴, Act𝐵) :
𝑆 → ℝ where

• Val(𝑍, Avail, Act𝐴, Act𝐵)(𝑠) is the minimax value of solving the matrix game 𝑍(𝑠) for 

each relevant state 𝑠. A relevant state is one with at least one valid action tuple, i.e. 

there exists 𝑎𝐴 ∈ Act𝐴 and 𝑎𝐵 ∈ Act𝐵 such that Avail(𝑠, 𝑎𝐴, 𝑎𝐵) = 1.

• Val(𝑍, Avail, Act𝐴, Act𝐵)(𝑠) = 0 for irrelevant states.

We modify the discounted regret matching algorithm from Section 3.7 to solve all games 

represented in 𝑍 simultaneously using ADD operations. A crucial fact to handle is that 

not every action is available to each player at every state.
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The goal is to generate (mixed) strategies for each player at each relevant state:

𝑋𝐴 : Act𝐴 → 𝑆 → [0, 1]

𝑋𝐵 : Act𝐵 → 𝑆 → [0, 1]

• We ensure that 𝑋𝑝(𝑎, 𝑠) = 0 if action 𝑎 is not available in state 𝑠 for player 𝑝
• We ensure that ∑𝑎∈Act𝑝

𝑋𝑝(𝑎, 𝑠) = 1 for each relevant state

Initialisation:

We generate the BDD Avail𝑝 that indicates which actions are available to player 𝑝 at 

state 𝑠 and use it to minimise the size of 𝑍 via Restrict.

Avail𝐴 : 𝑆 × Act𝐴 → 𝔹 = ThereExists(Act𝐵, Avail)

Avail𝐵 : 𝑆 × Act𝐵 → 𝔹 = ThereExists(Act𝐴, Avail)

𝑍Avail : 𝑆 → Act𝐴 × Act𝐵 → ℝ = Restrict(𝑍, Avail)

We implement the uniform initialisation of current and zero initialisation of cumulative 

regrets and average strategies as follows:

𝑋(0)
𝑝 : Act𝑝 → 𝑆 → [0, 1] = Avail𝑝 ÷ Abstract(+, Avail𝑝, Act𝑝)

𝑅(0)
𝑝 : Act𝑝 → 𝑆 → ℝ = Constant(0)

𝜎(0)
𝑝 : Act𝑝 → 𝑆 → ℝ = Constant(0)

For each iteration 𝑡 ≥ 1:

1. We compute the utility for each player.

𝑈 (𝑡)
𝐴 : Act𝐴 → 𝑆 → ℝ = MVMult(𝑍Avail, 𝑋

(𝑡−1)
𝐵 , Act𝐵)

𝑈 (𝑡)
𝐵 : Act𝐵 → 𝑆 → ℝ = − MVMult(𝑍Avail, 𝑋

(𝑡−1)
𝐴 , Act𝐴)

2. We compute the payoff value for each player with the current strategies.

𝐶(𝑡)
𝑝 : 𝑆 → ℝ = MVMult(𝑋(𝑡−1)

𝑝 , 𝑈 (𝑡)
𝑝 , Act𝑝)

3. We then compute the instantaneous regret.

𝐼 (𝑡)
𝑝 : Act𝑝 → 𝑆 → ℝ = (𝑈 (𝑡)

𝑝 − 𝐶(𝑡)
𝑝 ) × Avail𝑝
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We mask this instantaneous regret with Avail𝑝 to ensure that it is 0 for actions that 

are not available, including all actions in irrelevant states. This is important to ensure 

that unavailable actions do not contribute to the cumulative regret and thus the strategy 

updates.

4. We discount and accumulate the regret for each action for each player.

𝑅(𝑡)
𝑝 : Act𝑝 → 𝑆 → ℝ = IfThenElse(𝑅(𝑡−1)

𝑝 ≥ 0, 𝑡𝛼

1 + 𝑡𝛼
𝑅(𝑡−1)

𝑝 , 𝑡𝛽

1 + 𝑡𝛽
𝑅(𝑡−1)

𝑝 ) + 𝐼 (𝑡)
𝑝

5. We compute the new strategy for each player by normalising the positive cumulative 

regret.

𝑌 (𝑡)
𝑝 : Act𝑝 → 𝑆 → ℝ+

0 = Max(𝑅(𝑡)
𝑝 , 0)

𝑋(𝑡)
𝑝 : Act𝑝 → 𝑆 → [0, 1] = IfThenElse(Abstract(+, 𝑌 (𝑡)

𝑝 , Act𝑝) > 0,

𝑌 (𝑡)
𝑝 ÷ Abstract(+, 𝑌 (𝑡)

𝑝 , Act𝑝), 𝑋(0)
𝑝 )

6. We discount and update the accumulated strategies for each player.

𝜎(𝑡)
𝑝 : Act𝑝 → 𝑆 → ℝ+

0 = ( 𝑡
𝑡 + 1

)
𝛾
𝜎(𝑡−1)

𝑝 + 𝑋(𝑡)
𝑝

7. We compute the average strategy for each player.

𝑋(𝑡)
𝑝 : Act𝑝 → 𝑆 → [0, 1] = 𝜎(𝑡)

𝑝 ÷ Abstract(+, 𝜎(𝑡)
𝑝 , Act𝑝)

8. We can check for convergence every 𝑘 = 1000 iterations via:

UpperBound(𝑡) : 𝑆 → ℝ =

Abstract(max, MVMult(𝑍Avail, 𝑋
(𝑡)
𝐵 , Act𝐵) − ∞ × (1 − Avail𝐴), Act𝐴)

LowerBound(𝑡) : 𝑆 → ℝ =

Abstract(min, MVMult(𝑋(𝑡)
𝐴 , 𝑍Avail, Act𝐴) + ∞ × (1 − Avail𝐵), Act𝐵)

From here, we can compute the difference as UpperBound − LowerBound. We can then 

determine the states that have converged, which can be represented by the ADD

Finished(𝑡) : 𝑆 → 𝔹 = UpperBound − LowerBound < 𝜀
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We can then accumulate the finished results in an ADD

Result(𝑡) : 𝑆 → ℝ = MVMult(𝑋(𝑡)
𝐴 , MVMult(𝑍Avail, 𝑋

(𝑡)
𝐵 , Act𝐵), Act𝐴)

Val(𝑍)(0) : 𝑆 → ℝ = Constant(0)

Val(𝑍)(𝑡) : 𝑆 → ℝ = Val(𝑍)(𝑡−1) + Result(𝑡) × Finished(𝑡)

A subtle point is that the computation of Result(𝑡) zeros out the result for irrelevant states 

since 𝑍Avail is multiplied with 𝑋(𝑡)
𝐵  within MVMult(𝑍Avail, 𝑋

(𝑡)
𝐵 , Act𝐵) and 𝑋(𝑡)

𝐵 (𝑠, ⃗𝑎𝐵) is 
always 0 for irrelevant states 𝑠. Thus, even though Finished will contain irrelevant states, 

this does not affect Val(𝑍)(𝑡).

We also remove these states from all the relevant BDDs/ADDs to ensure that we do 

not add them back in future iterations and to reduce the computational load for future 

iterations.

𝑋(0)
𝑝 = ¬Finished(𝑡) × 𝑋(0)

𝑝

𝑋(𝑡)
𝑝 = ¬Finished(𝑡) × 𝑋(𝑡)

𝑝

𝑅(𝑡)
𝑝 = ¬Finished(𝑡) × 𝑅(𝑡)

𝑝

𝜎(𝑡)
𝑝 = ¬Finished(𝑡) × 𝜎(𝑡)

𝑝

Avail𝑝 = ¬Finished(𝑡) × Avail𝑝

𝑍Avail = Restrict(Restrict(𝑍Avail, Avail𝐴), Avail𝐵)

9. The final minimax values are Val(𝑍)(𝑇 ), where 𝑇  is the final iteration.

6.1. Dealing with Coalitions

To deal with two non-empty coalitions of players 𝐶 and 𝑁 \ 𝐶, we observe that the 

algorithm does not depend on how the individual actions of each player are encoded as 

ADD variables, only on there being two disjoint action sets: one for the maximising player 

and one for the minimising player.

Thus, we can take Act𝐴 = Act𝐶 and Act𝐵 = Act𝑁\𝐶 , i.e.

∏
𝑖∈𝑁

Act𝑖 = (∏
𝑖∈𝐶

Act𝑖) ×
(
 ∏

𝑖∈𝑁\𝐶
Act𝑖

)
 = Act𝐶 × Act𝑁\𝐶

This means that we can use 𝑍 directly without modification:
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𝑍 : 𝑆 × ∏
𝑖∈𝑁

Act𝑖 → ℝ = 𝑆 × Act𝐶 × Act𝑁\𝐶 → ℝ

Furthermore, we can view 𝑇  as a transition relation for two players as well:

𝑇 : ∏
𝑖∈𝑁

Act𝑖 × 𝑆 × 𝑆′ → [0, 1] = Act𝐶 × Act𝑁\𝐶 × 𝑆 × 𝑆′ → [0, 1]

Thus, all of the above regarding two-player games can be generalised to two-coalition 

games with no modification.

However, this method does not correctly handle total (𝐶 = 𝑁) or empty (𝐶 = ∅) coali

tions. Fortunately, such coalitions reduce the minimax problem to a simple max or min 

problem, which can be solved directly. We still need to ensure that we only consider 

available actions and return zero for irrelevant states.

Algorithm 1: Total/Empty Coalition Val

1

procedure valTrivial(

            Z: ADDNode, avail: ADDNode,

            maxiVars: List[ADDVar], miniVars: List[ADDVar])

2 if miniVars.isEmpty() then

3 ZMasked ← IfThenElse(avail, Z, −∞)

4 result ← Abstract(Max, ZMasked, maxiVars)

5 relevantStates ← ThereExists(maxiVars, avail)

6 return result × relevantStates

7 else if maxiVars.isEmpty() then

8 ZMasked ← IfThenElse(avail, Z, ∞)

9 result ← Abstract(Min, ZMasked, miniVars)

10 relevantStates ← ThereExists(miniVars, avail)

11 return result × relevantStates

12 else

13 assert false

14 end if

15 end procedure

This is implemented in Algorithm 1 where we use ±∞ to avoid impacting the min/max 

abstract. We zero out these ±∞ values to ensure they do not propagate into the result 

via the multiplication by relevantStates.
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6.2. Dynamic Variable Reordering

A benefit of this fully symbolic implementation is that it is independent of variable 

reorderings. Thus, we can safely enable automatic variable reordering throughout the 

checking of each path/reward formula. Based on ad hoc testing, group sifting [43] provided 

a good balance between speed and effectiveness.
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Chapter 7

Hybrid Minimax via Linear Programming

In this section, we describe an efficient hybrid implementation of 

Val(𝑍, Avail, Act𝐶 , Act𝑁\𝐶) for the model checking algorithms in Chapter 5.

This algorithm relies on action ADD variables being ordered after current-state variables. 

The core idea is that sub-ADDs rooted at action variables represent single matrix games, 

and the relevant roots are those that are also cofactors of current-state nodes (the coloured 

nodes in Figure 1). For each such sub-ADD, we extract the matrix game explicitly, solve 

it via linear programming, and substitute the subtree with a constant representing the 

matrix-game value (the square coloured nodes in Figure 1).

Figure 1: Illustration of Relevant Sub-ADDs and Substitution

As a pre-processing step, we integrate the action availability information from Avail into 

𝑍 by replacing invalid action tuples with the sentinel value −∞.

𝑍 = IfThenElse(Avail, 𝑍, −∞)
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The first step is finding the roots of the relevant matrix sub-ADDs. We do so with 

Algorithm 2 by recursing over 𝑍 from the root. We can identify such roots as a node 

whose variable is the first action variable encountered in a path from the root to that 

node. We memoise visited nodes to avoid repeated traversal of the same sub-ADD.

Algorithm 2: Find Matrix Games

1

procedure FindMatrixGames(

            u: ADDNode, roots: Set[ADDNode],

            visited: Set[ADDNode], actV: Set[ADDVar])

2 if u is terminal or u ∈ visited then

3 return

4 end if

5 visited ← visited ∪ {u}

6 if u.var ∈ actV then

7 roots ← roots ∪ {u}

8 else

9 FindMatrixGames(u.high, roots, visited, actV)

10 FindMatrixGames(u.low, roots, visited, actV)

11 end if

12 end procedure

For each identified matrix-game root node, we use Algorithm 3 to build an explicit 

matrix game by considering all paths along the matrix-game sub-ADD. For each path, we 

compute the components of the action tuple belonging to the minimiser and maximiser, 

as well as the payoff from the action tuple. This is used to fill in a payoff matrix.

Algorithm 3: Build Matrix Game

1

procedure BuildMatrixGame(

            u: ADDNode, maxiVars: List[ADDVar],

            miniVars: List[ADDVar])

2 entryMaxi ← List[]

3 entryMini ← List[]

4 entryPayoff ← List[]

5 for each non −∞ (expanded) path 𝑝 ∈ 𝑢:

6 entryMaxi.add(𝑝.restrictTo(maxiVars))

7 entryMini.add(𝑝.restrictTo(miniVars))

8 entryPayoff.add(𝑝.terminalValue())

9 end for
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10 allMaxActions ← entryMaxi.sorted().unique()

11 allMinActions ← entryMini.sorted().unique()

12
matrixGame ← Matrix.OfSize(

            allMaxActions.size(), allMinActions.size())

13 for each (eMaxi, eMini, payoff) ∈ zip(entryMaxi, entryMini, entryPayoff):

14 i ← allMaxActions.indexOf(eMaxi)

15 j ← allMinActions.indexOf(eMini)

16 matrixGame[i][j] ← payoff

17 end for

18 return matrixGame

19 end procedure

For each matrix game, we use the same linear-programming formulation as the explicit-

state implementation [30] to find its minimax value. Finally, we use Algorithm 4 to 

generate a new ADD that represents the substitution of matrix subtrees with their 

minimax values. We ensure that any −∞ sentinel values are replaced with 0.

Algorithm 4: Substitute ADD Subtrees with Minimax Values

1

procedure substituteTrees(

            u: ADDNode, actTrees: Map[ADDNode, Double],

            memo: Map[ADDNode, ADDNode])

2 if u ∈ actTrees then

3 return Constant(actTrees[u])

4 else if u ∈ memo then

5 return memo[u]

6 else if u is terminal then

7 return u = Constant(−∞) ? Constant(0) : u

8 else

9 newHigh ← substituteTrees(u.high, actTrees, memo)

10 newLow ← substituteTrees(u.low, actTrees, memo)

11 newNode ← IfThenElse(u.var, newHigh, newLow)

12 memo[u] ← newNode

13 return newNode

14 end if

15 end procedure

These steps are combined to form HybridVal in Algorithm 5, taking into account the edge 

case of a total/empty coalition which uses Algorithm 1 instead.
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Algorithm 5: Hybrid Val Algorithm

1

procedure hybridVal(

            Z: ADDNode, avail: ADDNode,

            maxiVars: List[ADDVar], miniVars: List[ADDVar])

2 if maxiVars.isEmpty() || miniVars.isEmpty() then

3 return valTrivial(Z, avail, maxiVars, miniVars)

4 end if

5 Z ← IfThenElse(avail, Z, -infinity)

6 roots ← Set[]

7 visited ← Set[]

8 FindMatrixGames(Z, roots, visited, maxiVars ∪ miniVars)

9 actTrees ← Map[]

10 for each root r ∈ roots:

11 matrixGame ← BuildMatrixGame(r, maxiVars, miniVars)

12 value ← SolveMinimaxLP(matrixGame)

13 actTrees[r] ← value

14 end for

15 memo ← Map[]

16 return substituteTrees(Z, actTrees, memo)

17 end procedure

As shown later in Section 8.3, the translation between symbolic and explicit representa

tions is usually not a dominant cost relative to other hotspots of the code, making it our 

preferred method for implementing Val.

7.1. Dynamic Variable Reordering

With this approach, we cannot arbitrarily reorder the ADD variables. However, we can 

still form two groups: 𝑆 ∪ 𝑆′ and ⋃𝑝 Act𝑝, then permit reordering amongst the variables 

within each group, keeping the first group above the second group.

The implementation of hybrid Val requires the variable ordering to remain fixed while it 

runs, so we trigger dynamic reordering only once per path/reward formula checked. As 

before, we use group sifting [43].

54



Chapter 8

Experimental Results and Analysis

We evaluate the performance of different variants of our symbolic verification algorithms 

on a set of real-world case studies from the PRISM-games repository, described in Table 2.

All reported timings are wall-clock times measured within PRISM-games, split across 

model construction, pre-computation, and value iteration. Memory usage is reported as 

the maximum resident set size measured using the Unix time utility, capturing both Java 

heap usage and native memory consumption by the CUDD library.

Each experiment is reported as the average of three runs using the default PRISM-games 

configuration (1 GB Java heap, 1 GB CUDD memory) with OpenJDK 25.0.2+10 on a 

machine running NixOS 26.05 with an Intel i7-11800H CPU.

Name Abbrev Params Description

Jamming 4/6 Jam4/6 slots A network with 4 or 6 channels 

where a jammer interferes with a 

user’s transmissions [6, 22].

Aloha

Backoff 3

Aloha D, bcmax, q A wireless network with 3 users 

sending packets via the slotted 

ALOHA protocol [8].

Power

Control 2

Pow emax, fail, 

powmax

A model of phones controlling their 

signal power in a cellular network 

[8, 44].

IDS Simple IDS K, rounds A model of the interaction between 

an intrusion detection policy and an 

attacker [22, 45].
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Name Abbrev Params Description

Robot

Coordination 

2

Robot l, q A model of two robots concurrently 

moving in a grid [8].

Public Good PubGood einit, emax, 

f, kmax

A repeated public good game, a 

well-studied model in economics [5].

User

Centric

UserCent K, td A model of users cooperating in a 

network [22].

Table 2: CSG Case Studies

8.1. Experimental Results for Model Construction

We first compare the performance of symbolic and explicit-state model construction, 

isolating the cost of constructing the transition system and reward structures.

Model construction involves parsing the input file, building the transition system and 

reward structures, and then performing reachability to filter out irrelevant states. The 

explicit-state implementation is the one described in [30] and the symbolic implementation 

is the one described in Chapter 4.

For larger instances, either implementation may run out of memory (denoted by memout).

Symbolic Explicit

Case

Study
Args. States ADD

Nodes

Cons.

Time 

(s)

Mem 

(MB)

Cons.

Time 

(s)

Mem 

(MB)

25 5965 8559 0.02 131.7 1.52 500.3

50 21915 17031 0.03 130.2 5.03 784.0Jam4

75 47865 28070 0.03 130.3 11.89 1249.4

5,3,0.8 51200 27970 0.10 145.2 0.59 376.2

5,4,0.8 227243 41968 0.13 144.5 2.04 641.8Aloha

5,6,0.8 3725898 63500 0.24 158.1 memout memout
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Symbolic Explicit

Case

Study
Args. States ADD

Nodes

Cons.

Time 

(s)

Mem 

(MB)

Cons.

Time 

(s)

Mem 

(MB)

50,0.1,50 69386 12642 0.10 133.7 0.88 535.8

75,0.1,75 245979 25417 0.21 138.2 2.53 1037.3Pow

100,0.1,100 604880 39361 0.46 145.7 memout memout

10000,10000 20001 137 1.90 137.1 0.40 312.1

20000,20000 40001 146 6.97 146.6 0.60 445.9IDS

40000,40000 80001 155 25.99 167.3 0.95 517.0

10,0.1 9802 2149 0.02 129.3 0.51 339.1

Robot

20,0.1 159202 2728 0.02 130.5 memout memout

5,5,1,5 1005 13297 0.03 131.5 0.30 249.0

10,10,1,10 11457 106657 0.19 145.1 1.53 465.9
Pub

Good

20,20,1,20 112538 759373 3.63 267.6 memout memout

1,1 1409 NA memout memout 0.11 210.9User

Cent
2,2 7825 NA memout memout 0.29 260.5

Table 3: Model Construction Results

Table 3 shows that symbolic model construction is almost always faster than the 

explicit-state approach and, in almost all cases, significantly more memory efficient. This 

behaviour is consistent with prior results for symbolic model checking of MDPs [13] 

and TSGs [28]. The main exception is the User-Centric case study, where the symbolic 

implementation runs out of memory on the tested instances. We believe this model is ill-

suited to ADD representation because it produces a wide variety of probability values as 

complex functions of the state, resulting in sparse ADDs with little sharing.

The primary reason for the improved speed is that symbolic construction builds the 

transition system in a compositional manner using ADD operations, avoiding explicit 

enumeration of the state space. In addition, symbolic reachability extends the set of 
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reachable states simultaneously across all states, whereas the explicit-state approach must 

iterate over states individually. The memory efficiency can be explained by the more 

compact representation of the transition system and sets used during reachability.

8.2. Experimental Results for Model Checking

We now compare the performance of different complete implementations of the model 

checking algorithms, listed in Table 4. We report memory usage and the timing statistics 

described in Table 5.

Type Variant Description

Explicit The existing explicit-state implementation, de

scribed in [30].

Explicit with

Cache

The explicit-state implementation augmented 

with a hash table that stores the minimax val

ues of previously solved matrix games, avoiding 

repeated solves of the same game.

LP-based

Symbolic The symbolic model checking algorithm as de

scribed in Chapter 5, which uses the hybrid 

minimax algorithm in Chapter 7 to solve the 

matrix games.

Explicit with

Regret

Matching

The same explicit-state representation as the 

explicit-state implementation but with the 

discounted regret matching algorithm in Sec

tion 3.7 to solve the matrix games.

Regret-based

Symbolic with

Regret

Matching

The same symbolic representation as the sym

bolic implementation but with the symbolic 

regret matching algorithm in Chapter 6 to solve 

the matrix games.

Table 4: CSG Model Checking Implementation Variants

Timing Description

Qualitative Time The time taken for qualitative checks, i.e. the pre-compu

tation time for infinite horizon properties
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Timing Description

Quantitative Time The time taken for quantitative checks, i.e. the value iter

ation time

Model Checking Time The total time taken for model checking, i.e. Qualitative 

Time + Quantitative Time

Construction Time The time taken for model construction, as reported in 

Table 3

Total Time The total time taken for model construction and model 

checking, i.e. Construction Time + Model Checking Time

Table 5: Model Checking Time Statistics

The model checking algorithms are run on smaller test cases than in Table 3 since the 

model checking process is more computationally intensive.

Preliminary testing showed that regret matching was much slower, so we benchmark the 

LP and regret-matching variants at different scales.

For each case study and property, we try to select parameters such that the longest 

runtime among the compared variants is at least 5 seconds. The exception is the Jamming 

case study: beyond 23 slots, the linear programming solver fails with a numerical error 

when solving the matrix games.

We first consider the linear programming variants.

Symbolic Explicit
Explicit w 

CachingCase Study

Prop ID

Prop Type

Args Total

Time

(s)

Mem

(MB)

Total

Time

(s)

Mem

(MB)

Total

Time

(s)

Mem

(MB)

10 0.07 147.9 0.95 347.7 0.79 354.7
Jam4 Pr 1

Pmax=? [F..]
23 0.34 178.4 5.43 553.7 5.05 556.7

10 0.08 145.6 3.07 566.4 3.02 569.4
Jam6 Pr 1

Pmax=? [F..]
23 0.43 176.7 25.86 1286.8 24.49 1266.8
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Symbolic Explicit
Explicit w 

CachingCase Study

Prop ID

Prop Type

Args Total

Time

(s)

Mem

(MB)

Total

Time

(s)

Mem

(MB)

Total

Time

(s)

Mem

(MB)

10 0.38 182.7 3.73 581.6 3.30 590.6
Jam6 Pr 2

Rmax=? [F..]
23 5.56 369.9 23.59 1282.5 19.30 1283.3

4,4,0.8 0.78 186.5 4.49 688.8 4.49 730.3
Aloha Pr 3

Pmax=? [F..]
5,4,0.8 0.93 192.9 7.10 882.0 6.95 844.2

2,2,0.8 1.34 254.7 0.98 345.4 0.94 348.6
Aloha Pr 1

Rmin=? [F..]
3,3,0.8 9.49 352.1 3.00 406.2 6.32 591.1

10,0.1 2.29 312.9 4.83 545.5 4.61 565.3Robot Pr 1

Pmax=? 

[..U..] 13,0.1 9.23 599.0 22.04 764.8 20.80 737.2

8,0.1 2.83 302.9 1.95 368.1 1.97 384.8
Robot Pr 3

Rmin=? [F..]
10,0.1 10.01 517.4 4.86 573.9 4.43 548.0

250,250 2.11 269.9 3.37 323.7 1.57 326.0
IDS Pr 1

Rmin=? [F..]
500,500 8.17 279.4 12.63 349.9 5.15 354.0

250,250 0.71 220.7 2.96 324.4 1.01 328.8

500,500 2.48 270.8 10.98 347.7 2.67 350.9
IDS Pr 2

Rmin=? [F..]

750,750 5.44 270.1 26.91 383.7 5.12 337.6

Table 6: Comparison of Total Time and Memory Usage for LP-Based Model Checking 

Algorithms

From Table 6, the symbolic algorithm uses less memory across all benchmarks. For 

all benchmarks that involve calculating a maximum/minimum probability, the symbolic 

algorithm is also faster. The memory improvement can be attributed to the more compact 

symbolic representation of sets and state vectors. The symbolic algorithm is also favoured 

for probabilistic properties. We hypothesise that this is because probabilistic properties 
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tend to yield fewer distinct terminals, allowing ADDs to be more compact and efficient 

than in reward properties.

To better understand the source of the timing improvements, we broke down the total 

time into phases in Table 9 and Table 10 in the Appendix. Table 9 shows consistency 

with the model construction results: the symbolic implementation performs better in the 

model construction phase. From Table 10, we see that the qualitative part runs much 

faster in the symbolic algorithm than the explicit-state algorithm. This accurately reflects 

the success of symbolic model checking in non-probabilistic settings, where qualitative 

algorithms are the main focus.

Thus, the symbolic algorithm is typically limited by its performance in the quantitative 

phase. Section 8.3 investigates this bottleneck. However, there are some cases where 

the quantitative part of the symbolic algorithm performs better than the explicit-state 

implementation despite needing to convert between symbolic and explicit representations.

There are two main sources of these time savings. First, in the symbolic implementation, 

the entries of matrix 𝑍 are computed for all states at once using MVMult, whereas the 

explicit implementations compute them state by state. Second, repeated matrix games 

are represented by the same ADD subtree, so their minimax values do not need to be 

recomputed. Comparison with the explicit-state cached implementation suggests that 

both effects contribute to the symbolic speed-ups: in some cases the symbolic implemen

tation outperforms both explicit-state variants in the quantitative phase, while in others 

it outperforms only the uncached explicit-state implementation.

Overall, although explicit-state implementations are faster in some cases, the symbolic 

implementation often reduces memory usage and can improve runtime, especially on 

structure-heavy models with many repeated matrix games.

We now look at the regret matching variants.

Symbolic

w Reg Matching

Explicit

w Reg MatchingCase Study

Prop ID

Prop Type

Args Qual

Time

(s)

Quant 

Time

(s)

Total

Time

(s)

Mem

(MB)

Qual

Time

(s)

Quant 

Time

(s)

Total

Time

(s)

Mem

(MB)

10 0.00 29.38 29.39 297.0 0.33 17.07 17.85 463.0
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Symbolic

w Reg Matching

Explicit

w Reg MatchingCase Study

Prop ID

Prop Type

Args Qual

Time

(s)

Quant 

Time

(s)

Total

Time

(s)

Mem

(MB)

Qual

Time

(s)

Quant 

Time

(s)

Total

Time

(s)

Mem

(MB)

Jam4 Pr 1

Pmax=? [F..]
20 0.01 109.49 109.52 318.4 2.06 74.47 77.60 507.3

10 0.00 36.63 36.65 303.0 0.98 39.92 42.74 554.2
Jam6 Pr 1

Pmax=? [F..]
20 0.01 138.96 138.99 316.7 9.21 193.83 209.70 1063.5

3 0.00 0.70 0.71 135.9 0.05 6.37 6.79 483.5
Jam6 Pr 2

Rmax=? [F..]
4 0.00 1.33 1.34 141.8 0.08 15.66 16.25 468.8

2,2,0.8 0.24 0.83 1.13 146.8 0.21 0.12 0.47 340.1
Aloha Pr 3

Pmax=? [F..]
3,2,0.8 0.21 55.15 55.42 310.6 0.28 0.45 0.93 432.4

3,0.1 0.00 2.40 2.42 162.9 0.02 0.51 0.56 361.8
Robot Pr 1

Pmax=? [..U..]
4,0.1 0.00 9.66 9.68 174.5 0.14 3.22 3.50 389.1

2,0.1 0.00 0.00 0.02 129.9 0.01 0.06 0.09 169.1
Robot Pr 3

Rmin=? [F..]
3,0.1 0.00 27.64 27.66 289.7 0.01 0.61 0.66 357.7

3,3 0.00 34.87 34.88 298.0 0.01 1.92 1.94 359.6
IDS Pr 1

Rmin=? [F..]
4,4 0.00 53.48 53.50 292.4 0.01 3.35 3.38 337.9

3,3 0.00 14.27 14.28 284.9 0.01 0.70 0.73 345.8
IDS Pr 2

Rmin=? [F..]
4,4 0.00 18.94 18.96 286.6 0.01 0.82 0.84 337.4

Table 7: Comparison of Regret-Based Model Checking Algorithms

We do not focus on model construction time here since model construction time is 

negligible for these smaller benchmarks.

Similar to the LP-based variants, symbolic regret matching uses significantly less memory 

than its explicit-state counterpart. However, its execution time is substantially slower in 

most cases. This is likely because iterative regret updates produce many distinct payoff 

values across states, which prevents effective ADD sharing and results in large, sparse 
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decision diagrams that are costly to manipulate. In contrast, the explicit-state approach 

evaluates only one matrix at a time, which is much more efficient.

Although a purely symbolic approach via regret matching is conceptually appealing, it is 

currently not competitive for model checking CSGs.

8.3. Profiling

Profiling of the hybrid symbolic model checking algorithm across multiple case studies 

reveals that when the symbolic implementation runs significantly slower, ADD operations 

appear to be the main bottleneck.

We use async-profiler [46], a sampling profiler that tracks both Java and native stack 

frames, allowing us to capture time spent in both Java and native CUDD code. We analyse 

its flame graph output, which visualises call stacks and time spent in each method. We 

only track CPU time rather than wall time to prevent interference by other processes 

running on the machine.

While this section is presented after the methodology and experimental results, profiling 

was used to guide optimisation of the implementation. For example, it identified the need 

to reserve sufficient space for the hashmaps used in Algorithm 5 to avoid costly resizing 

operations, which was a major bottleneck in early versions of the implementation. The 

flame graphs presented here reflect the final implementation.

Figure 2 and Figure 3 are flame graphs from model checking the largest parameters of the 

two least favourable benchmarked properties from Table 6. These are the first property 

of ‘Aloha Backoff 3’ (<<usr1>>R{"time"}min=?[F s1=3]) and the third property of ‘Robot 

Coordination 2’ (<<robot1>>R{"time1"}min=? [F "goal1"]).
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Figure 2: Flame Graph for Symbolic Model Checking of Aloha Backoff 3 Property 1

Figure 3: Flame Graph for Symbolic Model Checking of Robot Coordination 2 Property 3

Each flame graph can be divided roughly into five main regions.

Section Description

A Time spent outside the main thread, particularly on garbage col

lection.
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Section Description

B Time spent doing symbolic operations like MVMult and ReplaceVars, 

which are used to construct Z symbolically for all states.

C Time within hybrid Val not doing LP solving: pre-processing, 

building each distinct matrix game represented by a relevant sub-

ADD of Z and rebuilding the ADD after solving the matrix game.

D Time spent building the linear program for each matrix game and 

solving it with the LP solver.

Unlabelled The rest of the time, including model construction

Table 8: Sections of the Flame Graph for Symbolic Model Checking Executions

We can observe that in these cases, the ADD operations in region B, together with the 

IfThenElse pre-processing step for Val, account for most of the runtime.

These results indicate that the translation between the symbolic representation and the 

explicit matrix games in Algorithm 5 is not a major bottleneck for these test cases, as the 

time taken to build the matrix games and to rebuild the ADDs after solving the matrix 

games is relatively small in both cases.

Improving performance further will likely require reducing the cost of ADD operations, 

for example through better variable orderings or a Val procedure that does not require 

action variables to appear at the bottom of the ADD.
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Chapter 9

Conclusion

In this thesis, we have developed algorithms and an implementation of a symbolic model 

checking approach for CSGs. To the best of our knowledge, this is the first symbolic model 

checking algorithm for CSGs.

We have shown that the proposed hybrid model checking algorithm can outperform the 

existing explicit-state approach implemented in PRISM-games in terms of both memory 

usage and, in many cases, runtime across a range of representative case studies. These 

results demonstrate that symbolic techniques, which have been highly successful for other 

probabilistic models, can also be effectively applied to two-coalition zero-sum CSG model 

checking.

In addition, we have presented and evaluated a fully symbolic model checking algorithm 

based on symbolic discounted regret matching. While this approach is algorithmically 

well-founded and conceptually appealing, our experimental results indicate that it is 

currently less practical than the hybrid alternative. Nevertheless, it provides an impor

tant step towards fully symbolic minimax computation for CSGs and highlights several 

promising directions for further optimisation.

Finally, through detailed profiling of our implementation, we have identified that in poorly 

performing benchmarks, the primary performance bottleneck is ADD operations rather 

than the translation between symbolic and explicit representations. This insight provides 

clear guidance for future work aimed at improving the scalability and performance of 

symbolic verification for CSGs.

9.1. Further Work

First, we have restricted our focus to a subset of the full rPATL logic for CSGs. In 

particular, we have not considered properties involving more than two coalitions, general-

sum objectives or multi-objective properties. While existing explicit-state techniques for 
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some of these extensions have been explored in the literature [11], it remains an open 

question how effectively they can be adapted to a symbolic setting.

Next, our implementation explicitly avoids multi-threading to provide a fair comparison 

with the single-threaded implementation of the explicit-state approach. However, there 

are many opportunities to parallelise both algorithmic approaches. It is particularly 

interesting to consider multi-threaded decision diagram libraries like Sylvan [47] and 

OxiDD [48]. Future work could therefore optimise both approaches for multi-threading 

and compare their performance.

Another important direction for future work is strategy synthesis. Although the algo

rithms developed in this thesis compute information from which optimal or near-optimal 

strategies may be derived, additional work is required to extract and present these 

strategies in a form suitable for practical use.

There is also considerable scope for improving the regret-matching-based symbolic 

approach. Regret minimisation continues to be an active area of research, with several 

recent algorithmic variants proposed in the literature [49]. Investigating symbolic versions 

of these approaches, and comparing them empirically with discounted regret matching, 

is a promising avenue for future research.

Finally, symbolic model checking could be extended to richer variants of CSGs, such 

as robust CSGs [50], which explicitly model uncertainty in transition probabilities. 

Extending symbolic techniques to these models would further broaden the applicability 

of formal verification for complex multi-agent systems.
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Appendix

Symbolic Explicit
Explicit w 

CachingCase Study

Prop ID

Prop Type

Args Cons.

Time

(s)

Check 

Time

(s)

Cons.

Time

(s)

Check 

Time

(s)

Cons.

Time

(s)

Check 

Time

(s)

10 0.01 0.05 0.47 0.48 0.40 0.39
Jam4 Pr 1

Pmax=? [F..]
23 0.02 0.33 1.22 4.21 1.23 3.82

10 0.01 0.06 1.72 1.35 1.77 1.25
Jam6 Pr 1

Pmax=? [F..]
23 0.02 0.42 8.09 17.77 7.87 16.62

10 0.01 0.37 1.73 2.01 1.74 1.56
Jam6 Pr 2

Rmax=? [F..]
23 0.02 5.54 8.04 15.55 8.08 11.22

4,4,0.8 0.12 0.66 1.44 3.05 1.41 3.08
Aloha Pr 3

Pmax=? [F..]
5,4,0.8 0.12 0.81 1.96 5.15 1.92 5.03

2,2,0.8 0.06 1.28 0.15 0.83 0.16 0.78
Aloha Pr 1

Rmin=? [F..]
3,3,0.8 0.09 9.40 0.40 2.60 0.39 5.93

10,0.1 0.01 2.28 0.51 4.32 0.50 4.11Robot Pr 1

Pmax=? 

[..U..] 13,0.1 0.02 9.21 1.21 20.82 1.17 19.63

8,0.1 0.01 2.81 0.30 1.65 0.28 1.70
Robot Pr 3

Rmin=? [F..]
10,0.1 0.01 10.00 0.49 4.37 0.56 3.87

250,250 0.02 2.09 0.05 3.32 0.05 1.52
IDS Pr 1

Rmin=? [F..]
500,500 0.03 8.13 0.08 12.55 0.07 5.08

250,250 0.02 0.69 0.05 2.91 0.05 0.96

500,500 0.03 2.45 0.07 10.91 0.07 2.60

IDS Pr 2

Rmin=? [F..]
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CachingCase Study

Prop ID

Prop Type

Args Cons.

Time

(s)

Check 

Time

(s)

Cons.

Time

(s)

Check 

Time

(s)

Cons.

Time

(s)

Check 

Time

(s)

750,750 0.04 5.40 0.12 26.79 0.09 5.03

Table 9: Comparison of Construction and Checking Times for LP-Based Model Checking 

Algorithms

Symbolic Explicit
Explicit w 

CachingCase Study

Prop ID

Prop Type

Args Qual

Time

(s)

Quant 

Time

(s)

Qual

Time

(s)

Quant 

Time

(s)

Qual

Time

(s)

Quant 

Time

(s)

10 0.00 0.05 0.32 0.15 0.29 0.11
Jam4 Pr 1

Pmax=? [F..]
23 0.02 0.31 3.20 1.01 3.19 0.63

10 0.00 0.06 0.91 0.44 0.88 0.37
Jam6 Pr 1

Pmax=? [F..]
23 0.02 0.40 15.00 2.77 14.66 1.96

10 0.00 0.37 0.41 1.59 0.40 1.16
Jam6 Pr 2

Rmax=? [F..]
23 0.00 5.54 3.45 12.10 3.45 7.77

4,4,0.8 0.05 0.62 2.77 0.28 2.75 0.33
Aloha Pr 3

Pmax=? [F..]
5,4,0.8 0.05 0.76 4.62 0.52 4.48 0.55

2,2,0.8 0.02 1.27 0.13 0.70 0.14 0.64
Aloha Pr 1

Rmin=? [F..]
3,3,0.8 0.03 9.37 0.41 2.19 0.44 5.49

10,0.1 0.15 2.12 3.61 0.71 3.44 0.67Robot Pr 1

Pmax=? 

[..U..] 13,0.1 0.41 8.80 18.67 2.15 17.99 1.64

8,0.1 0.00 2.81 0.19 1.46 0.20 1.50
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Prop ID

Prop Type

Args Qual

Time

(s)

Quant 

Time

(s)

Qual

Time

(s)

Quant 

Time

(s)

Qual

Time

(s)

Quant 

Time

(s)

Robot Pr 3

Rmin=? [F..]
10,0.1 0.00 10.00 0.49 3.87 0.49 3.39

250,250 0.01 2.08 0.29 3.03 0.28 1.24
IDS Pr 1

Rmin=? [F..]
500,500 0.01 8.12 0.79 11.76 0.81 4.27

250,250 0.01 0.68 0.28 2.62 0.28 0.68

500,500 0.01 2.44 0.84 10.07 0.85 1.75
IDS Pr 2

Rmin=? [F..]

750,750 0.02 5.38 1.88 24.91 1.63 3.40

Table 10: Comparison of Qualitative and Quantitative Times for LP-Based Model 

Checking Algorithms

75


	Abstract
	Declaration
	Acknowledgements
	1. Introduction
	1.1. Challenges
	1.2. Contributions

	2. Related Work
	2.1. Explicit Model Checking for CSGs
	2.2. Symbolic Verification for DTMCs, MDPs and TSGs
	2.3. Issues with Extending Symbolic Verification to CSGs
	2.4. Summary

	3. Preliminaries
	3.1. Concurrent Stochastic Games
	3.1.1. Reward Structures

	3.2. Zero-Sum Properties of Concurrent Stochastic Games
	3.2.1. Syntax
	3.2.2. Semantics
	3.2.2.1. State Formulae
	3.2.2.2. Path and Reward Formulae

	3.2.3. Quantitative Queries

	3.3. Model Checking CSG Properties
	3.3.1. Probabilistic Properties
	3.3.2. Reward Properties

	3.4. Algebraic Decision Diagrams
	3.5. PRISM-games
	3.5.1. PRISM Language for CSGs

	3.6. Two-Player Zero-Sum Games in Normal Form
	3.7. (Discounted) Regret Matching

	4. Symbolic Representation and Construction of CSGs
	4.1. Symbolic Model Representation
	4.2. ADD Variables
	4.2.1. Dynamic Variable Reordering

	4.3. Construction of Transition Relation
	4.4. Correctness Argument
	4.5. Construction of Reward Structures
	4.6. Reachability

	5. Symbolic Model Checking of CSGs
	5.1. Maximum/Minimum Probabilistic Reachability
	5.1.1. Next
	5.1.2. Bounded Until
	5.1.3. Until
	5.1.3.1. Prob 1
	5.1.3.2. Prob 0
	5.1.3.3. Quantitative Value Iteration


	5.2. Maximum Expected Reward
	5.2.1. Instantaneous Reward
	5.2.2. Bounded Cumulative Rewards
	5.2.3. Expected Reachability


	6. Symbolic Minimax via Symbolic Discounted Regret Matching
	6.1. Dealing with Coalitions
	6.2. Dynamic Variable Reordering

	7. Hybrid Minimax via Linear Programming
	7.1. Dynamic Variable Reordering

	8. Experimental Results and Analysis
	8.1. Experimental Results for Model Construction
	8.2. Experimental Results for Model Checking
	8.3. Profiling

	9. Conclusion
	9.1. Further Work

	Bibliography
	10. Appendix


#import "@preview/wordometer:0.1.4": total-words, word-count
#import "@preview/algorithmic:1.0.7"
#import "@preview/lovelace:0.3.0": *
#import algorithmic: algorithm-figure, style-algorithm
#show: style-algorithm

#pdf.attach("thesis_brandon_tang.typ")
#pdf.attach("../csgBenchmarks/results/model_creation_benchmarks.csv")
#pdf.attach("../csgBenchmarks/results/model_check_benchmarks.csv")
#pdf.attach("../csgBenchmarks/results/model_check_benchmarks_regret.csv")

// Definitions
#let bigOP = $op("OP", limits: #true)$
#let Abstract = "Abstract"
#let act = "act"
#let Act = "Act"
#let ADDVars = "ADDVars"
#let AP = "AP"
#let Apply = "Apply"
#let apre = "apre"
#let Apre = "Apre"
#let Avail = "Avail"
#let cl = $chevron.l.double$
#let Constant = "Constant"
#let cr = $chevron.r.double$
#let det = "det"
#let Dist = "Dist"
#let ent = $tack.double$
#let fal = "false"
#let ForAll = "ForAll"
#let IfThenElse = "IfThenElse"
#let Implies = "Implies"
#let Max = "Max"
#let Min = "Min"
#let Modules = "Modules"
#let MVMult = "MVMult"
#let nent = $tack.double.not$
#let new = "new"
#let next = $mono(X)$
#let old = "old"
#let op = "op"
#let pre = "pre"
#let Pre = "Pre"
#let reachable = "reachable"
#let ReplaceVars = "ReplaceVars"
#let Restrict = "Restrict"
#let rew = "rew"
#let Sat = "Sat"
#let state = "state"
#let Stuck = "Stuck"
#let supnorm = "supnorm"
#let ThereExists = "ThereExists"
#let trans = "trans"
#let tru = "true"
#let uni = "U"
#let val = "val"
#let Val = "Val"
#let vars = "vars"
#let initial = "initial"

#let until(..args) = {
  let k = args.pos().at(0, default: none)
  if k != none {
    $space mono(U)^(<=#k) space$
  } else {
    $space mono(U) space$
  }
}

// Extra Content
#let show_extra = false
#let extra(x) = {
  if show_extra {
    [#[
      #block(
        x,
        stroke: rgb("#5e95b5") + 0.03em,
        fill: rgb("#e3faf6"),
        radius: 0.3em,
        inset: 1.5em,
        width: 100%,
      )
    ] <no-wc>]
  } else {
    []
  }
}
// Implementation Notes
#let implNotes(x) = {
  if show_extra {
    [#[
      #block(
        x,
        stroke: rgb("#5eb575") + 0.03em,
        fill: rgb("#e3fae9"),
        radius: 0.3em,
        inset: 1.5em,
        width: 100%,
      )
    ] <no-wc>]
  } else {
    []
  }
}


// Page Setup
#set page(
  margin: (
    x: 3cm,
    y: 3cm,
  ),
)
#set text(
  font: "New Computer Modern",
  size: 11pt,
)

// Title Page
#let author = "Tang Yu Han, Brandon"
#let title = "Symbolic Verification for Concurrent Stochastic Games"

#align(center)[
  #block(text(weight: "bold", 1.75em, title))
  #box(height: 20%)

  #text(weight: 570, 1.6em, [
    #image("img/Square_CMYK.jpg", height: 6em)
    #author])

  #box(height: 30%)
  #text(weight: 500, 1.1em, "A dissertation submitted for the degree of \n")
  #text(weight: 500, 1.1em, style: "italic", "Master of Computer Science (MCompSci)")

  #v(1em, weak: true)
  #text(weight: 500, 1.1em, "Trinity 2026")
  #v(3em, weak: true)

  #text(weight: 500, 1.1em, [Word Count: #total-words])
]

#pagebreak()

// Abstract
#set par(
  justify: true,
  leading: 1em,
  spacing: 2.0em,
)
#set page(numbering: "1")
#show ref: it => {
  let el = it.element
  if el != none and el.func() == heading and el.level == 1 {
    let num = numbering("1", ..counter(heading).at(el.location()))
    [Chapter #num]
  } else {
    it
  }
}
#show heading.where(level: 1): set block(below: 2em)
#show heading.where(level: 1): set text(size: 20pt)
#show heading.where(level: 2): set block(below: 1em)
#show heading.where(level: 3): set block(below: 1em)

#counter(page).update(1)

= Abstract
Concurrent stochastic games (CSGs) are a formal model for multi-agent systems in which agents make decisions simultaneously and outcomes depend probabilistically on their joint actions. Probabilistic model checking of CSGs enables the verification of safety, liveness, and performance properties of such systems. Despite substantial existing work on CSG model checking, scalability remains a major challenge, with explicit-state techniques struggling to handle large state spaces.

Inspired by the success of symbolic verification for other probabilistic models, such as Markov decision processes and turn-based stochastic games, we develop novel symbolic algorithms for constructing symbolic representations of CSGs and verifying them against a range of two-coalition zero-sum properties. A key challenge in this setting is the computation of minimax values for collections of two-player zero-sum normal-form games. To address this, we present both a fully symbolic algorithm based on discounted regret matching and a hybrid approach using linear programming. To the best of our knowledge, this is the first symbolic model checking algorithm for CSGs.

We implement these techniques efficiently in the PRISM-games model checker and evaluate them on several case studies, including a profiling-based analysis of computational bottlenecks. Our results show substantial memory savings over existing explicit-state approaches in almost all cases, together with faster verification in many cases.

#pagebreak()

// Declaration
#[
  #show heading.where(level: 1): set block(below: 1em)
  = Declaration
  In creating this work, I have used AI tools for the following tasks:

  *Coding*: I used GitHub Copilot while writing Python scripts to test the correctness of my implementation and to run benchmarks.

  *Plotting and formatting*: I used GitHub Copilot while writing Python scripts that formatted benchmark results into the tables in @evaluationChapter.

  *Spelling and grammar*: I used ChatGPT to help address issues with grammar or clarity within parts of the thesis that seemed verbose or awkward.

  #linebreak()

  = Acknowledgements
  I express my sincere gratitude to my supervisor, Professor David Parker, for his guidance, insight, and continued support throughout this project. I am also grateful to my friends for their encouragement and support during my studies, which made this journey far more manageable and enjoyable.
]
#pagebreak()

// Content Page
#show outline.entry: it => link(
  it.element.location(),
  if it.element.body == [Appendix] {
    [*#it.indented(none, it.inner())*]
  } else if it.level == 1 {
    [*#it.indented(it.prefix(), it.inner())*]
  } else {
    it.indented(it.prefix(), it.inner())
  },
)

#outline(indent: auto)

#pagebreak()

// Exclude algorithms, tables, and other non-prose content from word count
// Start after content page and abstract
#show: word-count.with(exclude: (
  "table",
  "outline",
  "bibliography",
  figure.where(kind: "algorithm"), // algorithm figures
  raw.where(block: true), // code blocks
  <no-wc>, // manual exclusion label
))

#set heading(numbering: "1.")
#show heading.where(level: 1): it => {
  if it.body != [Bibliography] and it.body != [Appendix] {
    pagebreak(weak: true)
    block(width: 100%)[
      \
      \
      Chapter #counter(heading).display("1")
      \
      #par(
        justify: false,
      )[#text(hyphenate: false)[
          #it.body]
      ]
    ]
  } else {
    it.body
  }
}

// Start of Report
= Introduction
Probabilistic model checking @MultiAgentVerificationAndControlWithPMC @PMCApplicationsAndTrends is a formal verification technique for analysing systems that exhibit stochastic behaviour. Concurrent stochastic games @shapelyCSGs @MarkovGamesForMARL (CSGs) provide a modelling framework for multi-agent systems in which agents make decisions simultaneously, and outcomes depend probabilistically on their joint actions. CSGs have been used to model a wide range of real-world systems, including communication protocols @prismGames, security protocols @jammingExamplePaper @automaticVerificationOfConcurrentStochasticSystems, and autonomous systems @equilibriaBasedPMCForCSGs.

Verification of CSGs enables us to rigorously establish that a system satisfies specific quantitative properties. For example, one may verify that a process gains access to a shared resource within 10 seconds with probability at least 0.99, regardless of the actions taken by other processes. Probabilistic model checkers can both verify such properties and synthesise the strategies required to guarantee them.

Substantial theoretical work has been carried out on probabilistic model checking for CSGs, including both zero-sum @strategyImprovementForCSGs @quantitativeSolutionOmegaRegularGames and general-sum properties @equilibriaBasedPMCForCSGs @correlatedEquilibriaAndFairnessInCSGs. Tool support has also been available for several years through PRISM-games @prismGames. However, scalability remains a major challenge. Existing implementations rely primarily on explicit-state techniques, representing state sets as bitsets and matrices/vectors as arrays, which limits the size of systems that can be analysed.

Symbolic model checking has achieved considerable success for non-probabilistic systems @originalSymbolicModelChecking and for simpler probabilistic models such as MDPs @DaveThesis and turn-based stochastic games (TSGs) @symbolicTSGs. In these contexts, decision-diagram representations are used to compactly encode state sets and transition relations. However, existing symbolic techniques do not directly extend to CSGs because model checking for CSGs requires solving a matrix game at each state, a process that is difficult to implement efficiently using standard decision-diagram operations.

To the best of our knowledge, this thesis presents and experimentally evaluates the first symbolic model checking algorithm for CSGs.

== Challenges
The problem decomposes into two largely independent components: the symbolic construction of CSGs and the symbolic model checking of CSG properties.

While much of the existing theory and algorithms used in PRISM-games for other probabilistic models could, in principle, be reused, the modelling language for CSGs differs substantially from that of MDPs and TSGs. In particular, action labels define concurrent player actions rather than module synchronisation, and transitions may reference primed variables to enable coordinated updates across modules. These features necessitate the development of new algorithms for symbolic construction.

Standard CSG model checking algorithms rely on value iteration combined with the construction and solution of a matrix game at each state. In explicit-state implementations, these matrix games are typically solved using linear programming.

However, classical linear programming methods, such as the simplex algorithm, along with subroutines such as pivoting and matrix factorisation, are known not to work well with Algebraic Decision Diagrams (ADDs) as they involve data-dependent transformations that alter the structure of the matrices @algebraicDecisionDiagrams @symbolicModelCheckingofProbabilisticProcesses.

This motivates the development of new symbolic minimax algorithms, or alternatively hybrid approaches that combine symbolic operations with explicit linear programming.

== Contributions
This thesis develops novel algorithms for the construction and verification of symbolic models of CSGs, implements these techniques within the PRISM-games model checker, and evaluates them experimentally on a range of case studies.

In @symbolicConstructionCSGs, we present a novel systematic procedure for transforming CSGs defined in the PRISM-games @prismGames language into a fully symbolic representation based on ADDs @algebraicDecisionDiagrams. This includes the symbolic encoding of transition relations, action availability, and reward structures, while supporting features specific to PRISM-games CSG models such as idle actions and primed variables.

In @symbolicModelCheckingCSGs, we develop new symbolic algorithms for model checking a range of two-coalition zero-sum probabilistic and reward-based properties expressed in rPATL. These algorithms are based on existing explicit-state techniques described in @modelCheckingCSGs but are adapted to operate on symbolic representations, leveraging ADD operations for efficient computation.

These symbolic algorithms require, as a subroutine, the computation of minimax values for collections of two-player zero-sum normal-form games. To address this, we present two alternative implementations in @symbolicRegretMatching and @hybridVal. @symbolicRegretMatching gives a novel, fully symbolic formulation of discounted regret matching for computing minimax values for many two-player zero-sum normal-form games concurrently. This approach avoids explicit linear programming and does not require a fixed ADD variable ordering. @hybridVal instead presents a hybrid algorithm that combines symbolic model construction with explicit linear programming for minimax computation, providing a practical alternative that performs better in most cases.

We develop an efficient implementation of the proposed techniques within the PRISM-games model checker using Java bindings to the University of Colorado Decision Diagram (CUDD) package @CUDDLibrary. This includes optimisations such as ADD minimisation via restriction @ADDRestrictPaper and dynamic variable reordering that have not been previously considered in PRISM-games.

We perform a detailed experimental evaluation on a variety of real-world case studies, comparing the time taken for different stages of the model checking process, and use profiling to identify bottlenecks in the algorithms. Our results demonstrate significant improvements in memory usage in almost all cases compared to existing explicit-state approaches, alongside highly competitive verification times that outperform explicit-state methods for checking probability-based properties.

= Related Work <relatedWorkChapter>
This chapter situates our work relative to explicit-state model checking for CSGs and symbolic probabilistic verification for other stochastic models.

== Explicit Model Checking for CSGs
Probabilistic model checking has been extensively studied for MDPs and stochastic games, with a mature body of algorithms for reachability and reward objectives @PMCSurveyMDPs. For multi-agent systems, tool support has historically focused on TSGs due to their simpler optimisation structure @prismGamesOne, but CSGs have become increasingly important for modelling systems with simultaneous decisions @prismGames.

For two-coalition zero-sum objectives, the standard approach is value iteration, where each iteration requires computing the minimax value of a two-player normal-form game induced at each state @deAlfaro2007 @quantitativeSolutionOmegaRegularGames @KNPS18. In practice, explicit implementations typically solve these matrix games via linear programming @MultiAgentVerificationAndControlWithPMC. For infinite-horizon objectives, qualitative pre-computation based on (nested) fixed-point computations can accelerate convergence by identifying states with value 0 or 1 a priori @AlternatingTimeLogic @concurrentOmegaRegularGames.

An alternative approach to value iteration is policy iteration (also known as strategy improvement). In this approach, one alternates between computing the values that result from a fixed strategy profile and improving the strategy profile based on the computed values @strategyImprovementForCSGs @winnicki2023PolicyIterationMarkovGames @Tripathi2011. However, this approach has less mature tool support in this setting and thus is not the focus of this thesis.

PRISM-games provides a widely used implementation of these techniques, supporting CSG modelling and verification for both zero-sum and more general solution concepts @prismGames. Despite these advances, explicit-state representations (bitsets for state sets; arrays/matrices for vectors and transitions) remain a limiting factor for scalability on large models.

== Symbolic Verification for DTMCs, MDPs and TSGs
Symbolic model checking represents large state spaces and transition relations compactly using decision diagrams @originalSymbolicModelChecking. For probabilistic systems, symbolic approaches based on ADDs have been particularly successful for discrete-time Markov Chains (DTMCs) and MDPs, combining symbolic model construction with verification algorithms expressed as decision-diagram operations (e.g., abstraction and matrix-vector multiplication) @deAlfaro2000 @DaveThesis.

This framework has also been extended to TSGs by incorporating state ownership into the symbolic transition representation and applying min/max operations according to the controlling player @symbolicVerificationTurnBasedStochasticGames. These results demonstrate that symbolic representations can substantially reduce memory consumption and enable verification of models beyond the reach of explicit-state engines.

== Issues with Extending Symbolic Verification to CSGs
The key obstacle in extending symbolic verification from TSGs to CSGs is the optimisation structure of value iteration. In TSGs, the iteration reduces to a pointwise minimum or maximum over the enabled actions of a single player for each state, which maps naturally to symbolic abstraction. In CSGs, each iteration requires computing the minimax value of a normal-form game induced by the joint action choices of two coalitions @deAlfaro2007 @MultiAgentVerificationAndControlWithPMC.

The standard method for computing minimax values uses linear programming; however, classical LP solvers (e.g., simplex) rely on pivoting and other data-dependent control flow that alters matrix structure in ways that do not align well with ADD-based symbolic computation @algebraicDecisionDiagrams @symbolicModelCheckingofProbabilisticProcesses. As a result, existing symbolic techniques for probabilistic verification do not immediately yield scalable symbolic CSG model checking.

== Summary
Overall, explicit CSG model checking is well established but limited by explicit-state representations, while symbolic techniques scale successfully for DTMCs, MDPs and TSGs but do not directly address the matrix-game bottleneck of CSGs. This thesis addresses this gap by developing (i) symbolic construction procedures for PRISM-games CSG models and (ii) symbolic and hybrid methods for computing minimax values within value iteration, enabling symbolic verification for two-coalition zero-sum CSG properties.

= Preliminaries <prelimsChapter>
== Concurrent Stochastic Games <csgDefinitionSection>
A concurrent stochastic game is an 8-tuple @automaticVerificationOfConcurrentStochasticSystems
$ G = (N, S, S_initial, A, Delta, delta, AP, L) $
where:
- $N = {1,...,n}$ is a finite set of players
- $S$ is a finite set of possible states of the game
- $S_initial subset.eq S$ is the non-empty set of initial states
- $A = A_1 times ... times A_n$ where
  - $A_p$ is a finite set of actions of player $p in N$ with $A_i inter A_j = emptyset$ for all $i != j$
  - and $bot_p$ is the idle action for player $p$, with $bot_p in A_p$ for every $p in N$
- $Delta subset.eq S times union_(i=1)^n A_i$ is a set defining available actions, where $a_i$ is enabled in state $s$ iff $(s, a_i) in Delta$
- $delta: S times A -> Dist(S)$ is a probabilistic transition function, i.e. $delta(s, arrow(a))(s') in [0, 1]$ represents the probability of transitioning to $s'$ from $s$ when $arrow(a)$ is taken
- $AP$ is a set of atomic propositions
- $L: S -> 2^AP$ is a labelling function for defining properties

$G$ starts in some $s in S_initial$. At each state, each player $p in N$ chooses some action $a_p in A_p$ where $(s, a_p) in Delta$. If player $p$ has no available non-idle actions ($a != bot_p$) in state $s$, we say that $p$ is stuck and must perform the idle action $bot_p$. The idle action is available if and only if $p$ is stuck. This guarantees that each player has at least one enabled action in every state.

The selection of actions $arrow(a) = (a_1, ..., a_n) in A$ is the "action tuple" chosen, which results in a probabilistic transition to another state $s'$ according to the distribution $delta(s, arrow(a))$.

A strategy of player $p$ is a function $sigma_p: "FPaths"_G -> Dist(A_p)$ assigning a probability distribution over $p$'s enabled actions based on the observed finite history of states and other players' actions. A strategy profile is a tuple of strategies, one for each player, i.e. $sigma = (sigma_1, ..., sigma_n)$.

The set of possible strategies for player $p$ is denoted as $Sigma_p$, and the set of possible strategy profiles is $Sigma = Sigma_1 times ... times Sigma_n$.

=== Reward Structures
We focus on CSGs that are extended with reward structures. A reward structure is a pair $(r^r_state, r^r_trans)$ where:

$
  r^r_state : & S -> RR \
  r^r_trans : & S times A -> RR
$

The state reward function $r^r_state (s)$ gives the reward obtained when the game is in state $s$, while the transition reward function $r^r_trans (s, arrow(a))$ gives the reward obtained when the players select the action tuple $arrow(a)$ at state $s$. The superscript $r$ is used to distinguish different reward structures.

We can define multiple reward structures in a CSG but they are used independently in properties and model checking.

== Zero-Sum Properties of Concurrent Stochastic Games
Properties of CSGs are defined in the reward-extended probabilistic alternating-time temporal logic (rPATL) @automaticVerificationOfConcurrentStochasticSystems. We will focus on a subset of rPATL that only contains two-coalition zero-sum properties.

=== Syntax
The syntax of rPATL is given by the following grammar:
$
  phi := & tru | a | not phi | phi and phi | cl C cr P_(~q)[psi] | cl C cr R^r_(~x)[rho] \
  psi := & next phi | phi until(k) phi | phi until() phi \
  rho := & mono(I)^(=k) | mono(C)^(<= k) | mono(F) phi
$

where:
- $a$ is an atomic proposition
- $C subset.eq N$ is a coalition of players
- $~ in {<, <=, >=, >}$
- $k in NN, q in RR inter [0, 1], x in RR$

For notational convenience, we define the _finally_ and the _globally_#footnote[
  Safety property proofs reduce to reachability property proofs, so we only focus on the latter.
  $ cl C cr P_(max=?) [mono(G) phi](s) = cl C cr P_(max=?) [not (mono(F) (not phi))](s) = 1 - cl C cr P_(min=?) [mono(F) (not phi)](s) $
] operators for path formulae:
$
  cl C cr P_(~q)[mono(F) phi] & := cl C cr P_(~q)["true"until() phi] \
  cl C cr P_(~q)[mono(G) phi] & := cl C cr P_(~q)[not (mono(F) (not phi))] \
$

=== Semantics
==== State Formulae
The syntax of rPATL distinguishes between state formulae ($phi$), path formulae ($psi$) and reward formulae ($rho$). State formulae are evaluated over states $S$ of the game, while path and reward formulae are evaluated over infinite traces of the game. An infinite trace $tau$ is an alternating sequence of states and action tuples, i.e. $tau := s_0, arrow(a)_1, s_1, arrow(a)_2, ...$. This corresponds to the game starting in state $s_0$, then action tuple $arrow(a)_1$ being taken, resulting in a transition to state $s_1$, and so on.

The satisfaction relation $ent$ for state formulae $phi$ is defined inductively over the structure of $phi$. The propositional logic fragments $(tru, a, not, and)$ are defined in their usual way.

A state satisfies a formula $cl C cr P_(~q)[psi]$ if the coalition of players $C$ can ensure that the probability of the path formula $psi$ being satisfied is $~q$, regardless of the strategies of the other players ($N \\ C$).

A state satisfies a formula $cl C cr R^r_(~x)[rho]$ if the players in $C$ can ensure that the expected value of the reward formula $rho$ for reward structure $r$ is $~x$, regardless of the strategies of the other players ($N \\ C$).

==== Path and Reward Formulae
We formalise the satisfaction of path and reward formulae via the coalition game $G^C$ with respect to a fixed coalition $C$.
$ G^C = ({C, N\\C}, S, S_initial, (A_C, A_(N\\C)), Delta^C, delta, AP, L) $
where:
- $A_D = product_(p in D) A_p$ for $D in {C, N\\C}$
- $(s, a_d) in Delta^C$ iff each $a_i$ in $a_d$ is a valid action by player $i$ at state $s$

We then have
$
  s ent cl C cr P_(~q)[psi] <=> exists sigma_C in Sigma_C forall sigma_(N\\C) in Sigma_(N\\C) . EE_(G^C, s)^(sigma_C, sigma_(N\\C)) (psi(tau)) ~ q \
  s ent cl C cr R^r_(~x)[rho] <=> exists sigma_C in Sigma_C forall sigma_(N\\C) in Sigma_(N\\C) . EE_(G^C, s)^(sigma_C, sigma_(N\\C)) (rho(tau)) ~ x
$

where
$
  psi(tau) & = 1 "if" tau ent psi "and" 0 "otherwise" \
  rho(tau) & = rew(r, tau)(rho) \
$

The satisfaction of path formulae $tau ent psi$ and the random variable $rew(r, tau)(rho)$ for a random trace $tau = s_0, arrow(a)_1, s_1, arrow(a)_2, ...$ are defined inductively on the structure of $psi$ and $rho$ respectively.

A path formula $psi$ may take one of three forms: $next phi$, $phi_1 until(k) phi_2$, or $phi_1 until() phi_2$. These use the PCTL semantics @PCTL:

$
                tau ent next phi & <=> s_1 ent phi \
  tau ent (phi_1 until(k) phi_2) & <=> exists_(0<=i<=k) (s_i ent phi_2 and (forall_(0<=j<i)
                                       space s_j ent phi_1)) \
   tau ent (phi_1 until() phi_2) & <=> exists_(i>=0)(s_i ent phi_2 and (forall_(0<=j<i) space s_j ent phi_1)) \
$

A reward formula $rho$ can include the instantaneous reward operator $mono(I)^(=k)$, the cumulative reward operator $mono(C)^(<= k)$ and the final reward operator $mono(F) phi$. These are defined as follows:

$
  rew(r, tau)(mono(I)^(=k)) & := r^r_state (s_k) \
  rew(r, tau) (mono(C)^(<=k)) & := r(tau(. .k)) \
  rew(r, tau) (mono(F) phi) & := cases(r(tau(. .k)) "where" s_k ent phi "and" forall i < k space (s_i nent phi) &"if" exists k "s.t." s_k ent phi, infinity &"otherwise") \
$

where:

$ r(tau(. .k)) = sum_(i=0)^(k-1) (r^r_state (s_i) + r^r_trans (s_(i), arrow(a)_(i+1))) $

We note that $rew(r, tau) (mono(C)^(<=k))$ and $rew(r, tau) (mono(F) phi)$ intentionally do not include $r^r_state (s_k)$.

=== Quantitative Queries <quantitativeQueries>
In addition to the above properties that have a Boolean satisfaction value, we also have quantitative queries that ask for the maximum/minimum probability or expected reward a coalition can achieve.

As shown later in @modelCheckingCSGs, this can be computed as part of the model checking procedure for the above properties.

$
  cl C cr P_(max=?) [psi](s) = max_(sigma_C in Sigma_C) min_(sigma_(N\\C) in Sigma_(N\\C)) EE_(G^C, s)^(sigma_C, sigma_(N\\C)) (psi(tau)) \
  cl C cr R^r_(max=?) [rho](s) = max_(sigma_C in Sigma_C) min_(sigma_(N\\C) in Sigma_(N\\C)) EE_(G^C, s)^(sigma_C, sigma_(N\\C)) (rho(tau)) \
$

Since we are dealing with zero-sum properties, we have the following duality:
$
  cl C cr P_(max=?) [psi](s) = cl N \\ C cr P_(min=?) [psi](s)\
  cl C cr R^r_(max=?) [rho](s) = cl N \\ C cr R^r_(min=?) [rho](s)
$



== Model Checking CSG Properties <modelCheckingCSGs>
Here, we give detailed presentations of algorithms for model checking the zero-sum properties described above, allowing comparison with their symbolic versions in @symbolicModelCheckingCSGs. Given a property $phi$, we are interested in finding the function $V_(G)(phi) : S -> BB$. This function maps each state $s in S$ to 1 if $s ent phi$ and 0 otherwise. We drop the subscript $G$ when the game is clear from context.

These algorithms rely on solving matrix games as a subroutine (see @matrixGames). We define $val(Z)$ to be the minimax value of the matrix game defined by the payoff matrix $Z in RR^(n times m)$. In the existing explicit-state implementation, $val(Z)$ is calculated using linear programming.

As is typical in formal methods, we check properties recursively over the structure of the property's formula. The base cases $tru, a$ are straightforward, and the propositional logic operators $not, and$ are handled in the usual way.

Deriving and proving these algorithms is beyond the scope of this thesis; instead, we focus on their execution details. More information about the theory behind these algorithms can be found in @GabrielPhD.

We consider the model checking of probabilistic properties, followed by reward properties.

=== Probabilistic Properties
To compute $V(cl C cr P_(~q)[psi])$, we first find $V(cl C cr P_(max=?) [psi]) : S -> [0, 1]$ or $V(cl C cr P_(min=?) [psi]) : S -> [0, 1]$ for all states, then compare the resulting probabilities with $q$ using $~$.

We focus on computing $V(cl C cr P_(max=?) [psi])$, with $V(cl C cr P_(min=?) [psi])$ reducing to $V(cl N\\C cr P_(max=?) [psi])$ due to the duality mentioned above.

For path formulae $psi$, we consider each case separately.

*Next*

This reduces to solving a single matrix game for each state:

$ V(cl C cr P_(max=?)[mono(X) phi])(s) = val(Z(s)) $

with $Z(s)_(i, j) = sum_(s' in Sat(phi)) delta^C (s, (a_i, b_j)) (s')$ where $a_i$ and $b_j$ range over all possible actions for coalition $C$ and $N\\C$ in state $s$ respectively.

*Bounded Until*

We use value iteration to recursively compute $V(cl C cr P_(max=?)[phi_1 until(n) phi_2])$ for $0 <= n <= k$

$
  V(cl C cr P_(max=?)[phi_1 until(n) phi_2])(s) = cases(1 & "if" s in Sat(phi_2), 0 & "else if" s in.not Sat(phi_1), 0 &"else if" n = 0, val(Z(s)^n) &"otherwise") \
  Z(s)^n_(i, j) = sum_(s' in S) delta^C (s, (a_i, b_j))(s') times V(cl C cr P_(max=?)[phi_1 until(n-1) phi_2])(s')
$

where $a_i$ and $b_j$ range over all possible actions for coalition $C$ and $N\\C$ in state $s$ respectively.

*Unbounded Until*

Unbounded until properties are computed via value iteration to convergence. We use the same recurrence as for bounded until, but stop when the values converge within some small epsilon $epsilon > 0$.

Furthermore, we can also use qualitative reachability and safety pre-computations @concurrentOmegaRegularGames to speed up convergence. These can be used to find the states $S_1$ and $S_0$ such that $V(cl C cr P_(max=?) [phi_1 until() phi_2])(s) = 1$ or $0$ directly, allowing us to only perform value iteration on the remaining states.

These are incorporated into the value iteration as follows:

$
  V(cl C cr P_(max=?)[phi_1 until() phi_2])(s) = lim_(n -> infinity) v^s_n \
  v^s_n = cases(
    1 & "if" s in S_1,
    0 & "else if" s in S_0,
    0 & "else if" n = 0,
    val(Z(s)^n) & "otherwise"
  ) \
  Z(s)^n_(i,j) = sum_(s' in S) delta^C (s, (a_i, b_j))(s') times v^(s')_(n-1)
$

=== Reward Properties
Similarly to probabilistic properties, to find states that satisfy $cl C cr R^r_(~x)[rho]$, we first find $cl C cr R^r_(max=?) [rho]$ or $cl C cr R^r_(min=?) [rho]$ for all states, then compare the resulting expected rewards with $x$ using $~$. We explain how to compute $cl C cr R^r_(max=?) [rho]$.

For reward formulae $rho$, we consider each case separately.

*Instantaneous Reward*

We use value iteration to recursively compute the values of $V(cl C cr R^r_(max=?) [mono(I)^(=n)])$ for $0 <= n <= k$

$
                 & V(cl C cr R^r_(max=?)[mono(I)^(=n)])(s) = cases(
                     r^r_state (s) & "if" n = 0,
                     val(Z(s)^n) & "otherwise"
                   ) \
  Z(s)^n_(i,j) = & sum_(s' in S) delta^C (s, (a_i, b_j))(s') times V(cl C cr R^r_(max=?)[mono(I)^(=(n-1))])(s')
$

*Bounded Cumulative Rewards*

We use value iteration to recursively compute the values of $V(cl C cr R^r_(max=?) [mono(C)^(<= n)])$ for $0 <= n <= k$

$
  & V(cl C cr R^r_(max=?)[mono(C)^(<= n)])(s) = cases(0 & "if" n = 0, r^r_state (s) + val(Z(s)^n) & "otherwise") \
  Z(s)^n_(i,j) = & r^r_trans (s, (a_i, b_j)) +
  sum_(s' in S) (delta^C (s, (a_i, b_j))(s') times V(cl C cr R^r_(max=?)[mono(C)^(<= (n-1))])(s'))
$

*Expected Reachability*

While we allow negative rewards, we need the following assumption to ensure the correctness and convergence of the algorithm for computing $V(cl C cr R^r_(max=?)[mono(F) phi])$:

From any state $s$ where $r^r_state (s) < 0$ or $r^r_trans (s, overline(a)) < 0$ for some action tuple $overline(a)$, under all profiles of $G$, with probability $1$ we reach either a state satisfying $phi$ or a state where all rewards are zero and which cannot be left with probability 1 under all profiles.

We need to use value iteration twice to compute $V(cl C cr R^r_(max=?)[mono(F) phi])$. We start by finding the set of states for which the reward is infinite $S^rho_infinity$. This contains exactly the states satisfying $cl C cr P_(<1) [mono(F) phi]$. At these states, $C$ can try to avoid reaching $phi$ forever, and since the probability of reaching $phi$ is less than 1, there is a non-zero probability of never reaching $phi$, resulting in an infinite expected reward. This can be found as the complement of the set of states with $cl C cr P_(min=1) [mono(F) phi] = cl N\\C cr P_(max=1) [mono(F) phi]$ which we can use the pre-computation algorithm for the unbounded until probabilistic property to find.

We then select a $gamma > 0$ and construct $r_gamma = (r_state^gamma, r_trans^gamma)$ with

$
            r_state^gamma (s) = & cases(r^r_state (s) &"if" r^r_state (s) != 0, gamma &"otherwise") \
  r_trans^gamma (s, arrow(a)) = & cases(r^r_trans (s, arrow(a)) &"if" r^r_trans (s, arrow(a)) != 0, gamma &"otherwise")
$

and apply value iteration to approximate $V(cl C cr R^(r_gamma)_(max=?)[mono(F) phi])$ via

$
  V(cl C cr R^(r_gamma)_(max=?)[mono(F) phi])(s) = lim_(n->infinity) v^s_n\
  v^s_n = cases(
    0 & "if" s in Sat(phi),
    infinity & "if" s in S^rho_infinity,
    0 & "if" n = 0,
    val(Z(s)^n) + r^(gamma)_state (s) & "otherwise"
  ) \
  Z(s)^n_(i,j) = r^(gamma)_trans (s, (a_i, b_j)) + sum_(s' in S) delta^C (s, (a_i, b_j))(s') times v^(s')_(n-1)
$

We then perform a second value iteration with the original reward structure $r$ but with initial values from the previous value iteration to get the final values of $V(cl C cr R^r_(max=?)[mono(F) phi])$.

$
  V(cl C cr R^r_(max=?)[mono(F) phi])(s) = lim_(n->infinity) u^s_n\
  u^s_n = cases(
    0 & "if" s in Sat(phi),
    infinity & "if" s in S^rho_infinity,
    V(cl C cr R^(r_gamma)_(max=?)[mono(F) phi])(s) & "if" n = 0,
    val(Z(s)^n) + r^r_state (s) & "otherwise"
  ) \
  Z(s)^n_(i,j) = r^r_trans (s, (a_i, b_j)) + sum_(s' in S) delta^C (s, (a_i, b_j))(s') times u^(s')_(n-1)
$

== Algebraic Decision Diagrams
Symbolic probabilistic model checking uses decision diagrams and their operations to efficiently perform formal verification. As probabilities and rewards are real-valued, we use ADDs @algebraicDecisionDiagrams instead of Binary Decision Diagrams (BDDs) @bddSurvey, with the terminals having values from $RR$ rather than $BB equiv {0, 1}$, to represent functions of the form $f: BB^n -> RR$.

Many standard BDD operations have been generalised to ADDs. We summarise the operations used below:

$Apply(op, B_1, B_2)$ returns an ADD representing the function $f(s) = B_1(s) op B_2(s)$. Here, $op$ is a binary operator over the terminal values of the ADDs. Note that $x op y$ need not lie in the same domain as $x$ or $y$. We commonly use $op in {<, <=, =, !=, >=, >}$. We often write $Apply(op, B_1, B_2)$ with infix notation: $B_1 op B_2$ or as a Boolean function $op(B_1, B_2)$. We use non-standard conventions: $0 div 0 = 0 times infinity = 0 times -infinity = 0$ for $Apply(div, B_1, B_2)$ and $Apply(times, B_1, B_2)$, which are useful for normalising and masking.

$Abstract(op, B, overline(x))$ returns an ADD that represents the function $f(s) = bigOP_overline(x) B(chevron.l s, overline(x) chevron.r)$. E.g. if $op$ is $max$, then $f(s) = max_(overline(x)) B(chevron.l s, overline(x) chevron.r)$. Here, $overline(x) subset.eq vars(B)$ and $op$ is a commutative and associative binary operator over the terminal values of the ADD. For notational convenience, we define $ThereExists(overline(x), B) := Abstract(or, B, overline(x))$ and $ForAll(overline(x), B) := Abstract(and, B, overline(x))$.

$ReplaceVars(overline(x) |-> overline(y), B)$ returns an ADD with variables in $overline(x)$ replaced with their corresponding variables in $overline(y)$ in $B$. Here, $overline(x)$ and $overline(y)$ are of the same length.

$Constant(r)$ creates an ADD that represents the constant function $f(s) = r$ for all $s$.

$IfThenElse(B_"cond", B_"true", B_"false")$ takes a BDD $B_"cond"$ and two ADDs $B_"true"$ and $B_"false"$ and returns the ADD that represents the function $ f(s) = cases(B_"true" (s) "if" B_"cond" (s) = 1, B_"false" (s) "otherwise") $

$Restrict(B, B_"care")$ takes an ADD $B$ and a BDD $B_"care"$ and returns an ADD that represents the function
$ f(s) = cases(B(s) &"if" B_"care" (s) = 1, "anything" & "otherwise") $

This is used to reduce the size of $B$ while maintaining correctness within the domain we care about. Its implementation is described in @ADDRestrictPaper.

$MVMult(T, B, overline(x)) equiv Abstract(+, T times B, overline(x))$.
Here, $T : overline(x) times overline(y) -> cal(D)$ represents a matrix with elements in $cal(D)$, $B: overline(x) -> cal(D)$ represents a vector with elements in $cal(D)$. $MVMult(T, B, overline(x)): overline(y) -> cal(D)$ represents the result of multiplying matrix $T$ with vector $B$. This is implemented via the matrix-matrix multiplication algorithm in @Clarke1993.

== PRISM-games
PRISM-games @prismGames is an extension of the PRISM model checker @prism4 that supports modelling and verification of several game models, including CSGs. We use the PRISM-games modelling language for CSGs in this thesis, with our implementations extending PRISM-games with symbolic CSG verification.

It currently implements an explicit-state CSG model checker that uses arrays and bitsets to represent vectors and sets. We use this as an oracle to test our symbolic implementations and as a comparison point for benchmarking. Since caching previously solved matrix games can improve performance, we also implement a cached version of the explicit-state model checker to provide a more competitive comparison in @evaluationChapter.

Since there is existing code to lex and parse PRISM-games CSG models, when constructing symbolic models, we can directly take as input the abstract syntax tree of the models.

=== PRISM Language for CSGs
We target CSG models that can be represented with the following grammar:

#figure(caption: "PRISM CSG Grammar")[
  ```
  program         := "csg" decl*
  decl            := const_decl | player_decl | module_decl | reward_decl
  const_decl      := "const" const_type var_name ("=" init_value)? ";"
  player_decl     := "player" player_name mod_name ("," mod_name)* "endplayer"
  module_decl     := "module" mod_name var_decl* command* "endmodule"
  reward_decl     := "rewards" rew_struct_name reward_element* "endrewards"

  const_type      := "int" | "double" | "bool"
  var_decl        := var_name ":" var_type ("init" init_value)? ";"
  var_type        := "bool" | "[" int_literal ".." int_literal "]"

  command         := "[" action_list "]" guard "->" outcome ("+" outcome)* ";"
  action_list     := "" | action ("," action)*
  outcome         := (prob ":")? update

  guard           := boolean_expr
  update          := (update_element ("&" update_element)*)
  update_element  := var_name "'" "=" expr
  prob            := double_expr

  reward_element  := state_reward | trans_reward
  state_reward    := guard ":" expr ";"
  trans_reward    := "[" action_list "]" guard ":" expr ";"
  ```] <prismCSGGrammar>

The PRISM-games CSG language also allows additional syntactic sugar for renaming of variables to easily generate similar modules, type inference of constants, etc. We will not discuss these here as such programs can be rewritten in the above grammar in a straightforward manner. We also do not deal with global variables since it is possible to rewrite CSG models with global variables to put the global variables into a non-player module.

For example, @macExamplePrismCode is a CSG model of two processes trying to transmit over a shared channel, adapted from @mediaAccessControlExamplePaper.

#figure(caption: "PRISM-games CSG Example: Medium Access Control")[```
csg

player p1 mac1 endplayer
player p2 mac2 endplayer

const int emax; // energy bound
const double q1; // probability single user successfully transmits
const double q2; // probability two users successfully transmit

module channel // used to compute joint probability distribution for transmission failure
	c : bool init false; // is there a collision?
	[t1,w2] true -> q1 : (c'=false) + (1-q1) : (c'=true); // only user 1 transmits
	[w1,t2] true -> q1 : (c'=false) + (1-q1) : (c'=true); // only user 2 transmits
	[t1,t2] true -> q2 : (c'=false) + (1-q2) : (c'=true); // both users transmit
endmodule

module mac1 // user 1
	s1 : [0..1] init 0; // has player 1 sent?
	e1 : [0..emax] init emax; // energy level of player 1
	[w1] true -> (s1'=0); // wait
	[t1] e1>0 -> (s1'=c'?0:1) & (e1'=e1-1); // transmit
endmodule

// construct second user with renaming
module mac2 = mac1 [ s1=s2, e1=e2, w1=w2, t1=t2 ] endmodule

// reward structure for player 1
rewards "r1"
	s1=1 : 1;
endrewards

// reward structure for player 2
rewards "r2"
	s2=1 : 1;
endrewards
```] <macExamplePrismCode>

In CSG models, modules are either player modules or non-player modules, depending on whether they are controlled by a player. At each time step, each player chooses an action that is executable in all of their modules. Non-player modules serve to react to player actions, with their command selected based on the action tuple selected. All modules then execute simultaneously, resulting in a probabilistic transition to the next state. Variables are either primed or non-primed, where primed variables represent the next state of the variable after a command is executed.

We say a command is valid with respect to a state if its guard is satisfied by that state. We say a command is active with respect to a state and action tuple if it is valid with respect to that state and its action(s) are a subset of the action tuple.

For player modules, each command's `action_list` must contain at least one action, and the first action must be controlled by that player. All other actions are from different players. For any state, consider all valid commands. If any commands have action $a$ as the first action in the action list, then these commands must form a complete partition over the other actions that can be taken by the other players. This ensures that whenever action $a$ is available to the player, the resulting behaviour is defined regardless of the actions taken by the other players.

For non-player modules, each command's action list similarly can contain multiple actions, all from different players, but is also allowed to be empty. For the model to be well-defined, there can be at most one active command for any given state and action tuple combination. If there are zero active commands, the module simply remains in the same state.

Within a single command, the probabilities of all outcomes must sum to 1. This ensures that the probability distribution over next states is well-defined. The `guard` must only consist of non-primed variables and can be over any variables, including those from other modules. The `expr` may contain both non-primed and primed variables, including variables from other modules. `update_element`s within an `update` must update distinct primed variables belonging to the module in which the command is defined.

Allowing primed variables as part of the `expr` lets commands depend on the next state of other variables, which is useful for defining coordinated transitions. In the above example, it ensures both `p1` and `p2` can update their `s` variables consistently with whether `c` is updated to true or false in the `channel` module. This is a powerful feature unique to CSG models in PRISM-games, as related modelling languages such as the PRISM language for MDPs or TSGs do not allow primed variables in updates. Note that for the next state to be well-defined, there must be no cyclic dependencies between primed variables across commands in different modules.

These restrictions ensure that for every state and action tuple, at most one command per module is active, and that the resulting probability distributions are well-defined.

The PRISM-games CSG modelling language implies rectangular availability: an action tuple is available exactly when each player's selected action is available. This property is used later when solving matrix games in the model checking algorithms.

== Two-Player Zero-Sum Games in Normal Form <matrixGames>
A two-player zero-sum game in normal form can be represented by a payoff matrix $M in RR^(n times m)$ where player A has $n$ actions and player B has $m$ actions. The entry $M(i, j)$ represents the utility that player A receives when players A and B play actions $i$ and $j$ respectively. Since this is a zero-sum game, player B receives utility $-M(i, j)$.

Solving a two-player zero-sum game involves finding a Nash equilibrium, which is a pair of mixed strategies $(x_A in RR^n, x_B in RR^m)$ for players A and B such that neither player can improve their expected utility by unilaterally changing their strategy.

This is equivalent to solving the minimax problem:
$ max_(x_A in Delta_n) min_(x_B in Delta_m) x_A^top M x_B $

where $x_A$ and $x_B$ are probability distributions over the action sets of players A and B respectively, i.e. $Delta_k = {x in RR^k | sum_(i=1)^k x_i = 1, x_i >= 0}$.

The strategies $x_A$ and $x_B$ can be found using various algorithms, including linear programming, the Lemke-Howson algorithm @LemkeHowson1964, and iterative methods like fictitious play and regret matching @regretMatching.

The existing explicit-state model checking algorithm for CSGs relies on linear programming to solve matrix games, which we will leverage in our hybrid implementation in @hybridVal. Since linear programming is difficult to translate into a symbolic form, we instead focus on regret matching for our fully symbolic approach.

== (Discounted) Regret Matching <regretMatchingPrelim>
Regret matching @regretMatching and its variants are a class of algorithms that can be used to compute correlated equilibria @originalCorrelatedEquilibrium in normal form games. For two-player zero-sum games, all correlated equilibria yield the same value as the minimax value (the unique Nash equilibrium value) @CorrelatedEquilibriumForZeroSumGames; thus, we can use regret matching to compute the minimax value in these games.

There are many variations of regret matching, including the original regret matching, regret matching+ @regretMatchingPlus, discounted regret matching @discountedRegretMatching, and several more recent advanced variants. We focus on discounted regret matching as it has been shown to have similar or better convergence properties compared to other classic variants in practice.

Regret matching algorithms work iteratively to produce a series of strategies for each player, based on playing actions that have high regret (of not being played) in the past. The (weighted) average of these strategies over time converges to a correlated equilibrium.

Here, we describe the discounted regret matching algorithm in a detailed form that is suitable for use on two-player matrix games and can be translated into a symbolic version (see @symbolicRegretMatching).

Suppose we are solving a single two-player zero-sum game $ max_(x_A in Delta_n) min_(x_B in Delta_m) x_A^top M x_B $ with $M in RR^(n times m)$, $x_A in RR^n$, and $x_B in RR^m$. The algorithm works as follows:

*Initialisation*:
// We start from 0 to ensure that the later steps match up with that for the symbolic version
0.
We select discounting parameters $alpha, beta, gamma in RR$ that control how quickly past regrets and strategies are discounted.

In particular, the original paper recommends using $alpha = 1.5, beta = 0, gamma = 2$.

1.
We initialise a uniform strategy for each player $x_A^0 in [0, 1]^n$ and $x_B^0 in [0, 1]^m$ over their respective action sets:
$
  x_A^0 in [0, 1]^n = 1/n bold(1)\
  x_B^0 in [0, 1]^m = 1/m bold(1)
$

2.
We initialise the cumulative discounted regret for each action for each player to be 0:
$
  r_A^0 in RR^n & = bold(0) \
  r_B^0 in RR^m & = bold(0)
$

3.
We initialise a vector to keep track of the unnormalised average strategy for each player:
$
  sigma^0_A in RR^n = bold(0) \
  sigma^0_B in RR^m = bold(0)
$

*For each iteration $t >= 1$*:

1. Compute the utility vector for each player based on the opponent's previous strategy:
$
  u_A^t in RR^n & = M x_B^(t-1) \
  u_B^t in RR^m & = -M^top x_A^(t-1)
$

This utility vector gives the payoff of each pure action against the opponent's previous mixed strategy.

2. Compute the payoff value for each player $p in {A, B}$ assuming they each play their previous strategy:
$
  c_p^t in RR & = (x_p^(t-1))^top u_p^t \
$

3. Compute the instantaneous regret for each action for each player:

$
  i^t_A in RR^n & = u^t_A - bold(1) c_A^t \
  i^t_B in RR^m & = u^t_B - bold(1) c_B^t
$

The instantaneous regret for an action is the difference between the utility of that action and the expected utility given the player's previous strategy. That is, we have more positive regret for actions that would have been better to play.

4. Discount and accumulate the regret for each action for each player:
$
  r^t_A (j) in RR & = cases(
                      "if" r^(t-1)_A (j) >= 0 "then" & (t^alpha)/(1+ t^alpha) r^(t-1)_A (j)+ i^t_A (j),
                      "else " & (t^beta)/(1+ t^beta) r^(t-1)_A (j)+ i^t_A (j)
                    ) "for" j in 1..n \
  r^t_B (j) in RR & = cases(
                      "if" r^(t-1)_B (j) >= 0 "then" & (t^alpha)/(1+ t^alpha) r^(t-1)_B (j)+ i^t_B (j),
                      "else " & (t^beta)/(1+ t^beta) r^(t-1)_B (j)+ i^t_B (j)
                    ) "for" j in 1..m
$

5. Compute the new strategy for each player by normalising the positive cumulative regret:
$
    y^t_A (j) in RR & = cases(
                        "if" r^t_A (j) >= 0 "then" & r^t_A (j),
                        "else" & 0
                      ) "for" j in 1..n \
  x^t_A in [0, 1]^n & = cases(
                        "if" sum_(j=1)^n y^t_A (j) > 0 "then" & y^t_A div sum_(j=1)^n y^t_A (j),
                        "else" & x^(0)_A
                      ) \
    y^t_B (j) in RR & = cases(
                        "if" r^t_B (j) >= 0 "then" & r^t_B (j),
                        "else" & 0
                      ) "for" j in 1..m \
  x^t_B in [0, 1]^m & = cases(
                        "if" sum_(j=1)^m y^t_B (j) > 0 "then" & y^t_B div sum_(j=1)^m y^t_B (j),
                        "else" & x^(0)_B
                      ) \
$

6. Accumulate the current strategy for each player:
$
  sigma^t_A in RR^n = (t / (t+1))^gamma sigma^(t-1)_A + x_A^t \
  sigma^t_B in RR^m = (t / (t+1))^gamma sigma^(t-1)_B + x_B^t \
$

7. Compute the average strategy for each player by normalising the accumulated strategy#footnote[After the first iteration, the accumulated strategy should never be 0, so this case need not be checked.]:
$
  overline(x)^t_A in [0, 1]^n = sigma^t_A div sum_(j=1)^n sigma^t_A (j) \
  overline(x)^t_B in [0, 1]^m
  = sigma^t_B div sum_(j=1)^m sigma^t_B (j) \
$

8. Check for termination:
We can compute an upper bound for the minimax value at iteration $t$
$ max_(x_A) (x_A)^top M (overline(x)^t_B) $

and a lower bound as
$ min_(x_B) (overline(x)^t_A)^top M (x_B) $

We can therefore terminate when the difference between the upper bound and lower bound is less than some threshold $epsilon > 0$.

9. When we terminate, we return the final result:
$ val(M) = (overline(x)^t_A)^top M (overline(x)^t_B) $

= Symbolic Representation and Construction of CSGs <symbolicConstructionCSGs>
== Symbolic Model Representation <symbolicConstructionSection>
We aim to construct an ADD $T$ and a BDD $Avail$ that represent the transition function $delta$ and the availability set $Delta$ from @csgDefinitionSection:
$
      T: & S times product_(p in N) Act_p times S' -> [0, 1] \
  Avail: & S times product_(p in N) Act_p -> BB
$

where $Act_p$ denotes the ADD variables used to encode the action chosen by player $p$, including the encoding of $bot_p$. If $Avail(s, arrow(a)) = 0$, then we require $T(s, arrow(a), s') = 0$ for all $s'$.

For each reward structure, we want to construct ADDs that represent the two reward functions:
$
  R^r_state: & S -> RR \
  R^r_trans: & S times product_(p in N) Act_p -> RR
$

We first construct $T(s, arrow(a), s')$, $R^r_state (s)$ and $R^r_trans (s, arrow(a))$ to take arbitrary values when $s$ or $s'$ do not encode legitimate states. These illegitimate values will be zeroed out when we filter by reachability.

== ADD Variables
Before constructing the ADDs, we declare the following groups of ADD variables.

#align(horizon)[
  #figure(caption: "Groups of ADD Variables")[

    #table(
      columns: (auto, auto, auto),
      align: left + top,

      table.header([*Group*], [*Symbol*], [*Number of Variables*]),
      [Current state variables],
      [$S$],
      [For each `int`: $ceil(log_2("range"(x)))$ variables\
        For each `bool`: $1$ variable],

      [Next state variables], [$S'$], [Same as above],

      [Action variables],
      [$union.big_(p in N) Act_p$],
      [$sum_(p in N) ceil(log_2(n_p))$ variables \ where $n_p$ is the number of actions for player $p$, including $bot_p$],
    )]
]

Variable ordering is important for keeping ADDs compact and efficient.

We use the typical interleaved ordering for current-state and next-state variables that is used in PRISM-games for symbolic representation of MDPs and TSGs @DaveThesis.

For action variables, we can decide to order them before, interleaved with, or after the state variables. However, to make the hybrid solver in @hybridVal work, we will need to order all action variables after all state variables.

=== Dynamic Variable Reordering
To further improve the ordering, we enable CUDD's automatic dynamic reordering. During model construction, we use the window-permutation method with window size 2 @windowVariableReordering @Ishiura1991MinimizationOB as it performed best in ad hoc testing. Since parts of PRISM-games assume the original order is preserved, we restore that order at the end of model construction. This also restores the action variables to positions after the state variables for the hybrid solver.

== Construction of Transition Relation
To construct the transition ADD, $T$, we translate each command in each module separately, compose them together to form ADDs for each module, then finally compose the module ADDs together to form $T$.

We first focus on translating a single CSG command. In general, the $i$th command of module $M$ has the form
$
  kappa_i^M := [alpha^M_(i,1), alpha^M_(i,2), ..., alpha^M_(i,h)]" " gamma^M_i -> lambda^M_(i,1): mu^M_(i,1) + ... + lambda^M_(i,m): mu^M_(i,m)
$

We drop the $M$ superscript when only talking about a single module.

Here, $mu_(i, j)$ corresponds to an `update` in the grammar while $lambda_(i, j)$ is an update probability dependent on the current state. We observe that $mu_(i, j)$ is a relation over the old and new state variables. We construct a BDD $Mu_(i,j)$ such that $Mu_(i,j) (s, s') = 1$ iff $mu_(i,j) (s, s')$ holds.

Each $mu_(i, j)$ has the form:

$ mu_(i, j) = xi_(i, j, 1) and ... and xi_(i, j, q) $

where $xi_(i, j, k) = (x_(i, j, k) = e_(i, j, k))$ corresponds to a single `update_element`, with $x_(i, j, k)$ being a primed variable, and $e_(i, j, k)$ being an expression over primed and unprimed variables. We will translate each of these `update_elements` into BDDs over $S$ and $S'$ individually.

To do so, we construct ADDs $L_(i, j, k): S times S' -> ZZ$ and $R_(i, j, k): S times S' -> ZZ$ that represent the left-hand side and right-hand side of each update element respectively. These are constructed recursively over their respective expressions, with the recursive cases being identical to those used in symbolic model checking of other models in PRISM @DaveThesis. The elegant trick permitting the use of primed variables in updates is allowing base cases where the variable is primed; we simply return a BDD $f$ where $f(s, s')$ represents the value of the primed variable in state $s'$. We can then set $Xi_(i,j, k) = Apply(=, L_(i, j, k), R_(i, j, k))$.

#extra(
  [From this, we can see that it would be easy to further generalise the grammar of the CSG modelling language later on to allow for more complex expressions in the updates, such as $L < R$ where both $L$ and $R$ can range over both primed and non-primed variables.],
)

These are joined together to form an ADD representing the entire update.

$ Mu_(i, j) = Xi_(i, j, 1) and ... and Xi_(i, j, q) $

We may also need to modify $mu_(i,j)$ from what is seen in the CSG model's description to include constant update elements of the form $v' = v$ for all variables $v$ that are owned by the module but not changed by the command. Otherwise, there will be additional degrees of freedom that allow unintended transitions in the overall transition ADD. We can handle these unchanged variables while only considering each command separately, since in each module only one command will be the active command for any state and action tuple, and furthermore, variables can only be modified by the module that owns them.

We then construct a BDD $Alpha$ to encode the action list, such that
$
  Alpha_i (a_1, ..., a_h) = cases(
    1 & "if" a_alpha_j = alpha_j forall j " " in [1..h],
    0 & "otherwise"
  )
$

where $a_alpha_j$ is the action selected by its player $p_(alpha_j)$.

We do so by creating BDDs $Alpha_(i,j) : Act_p_(alpha_j) -> BB$ that represent whether action $alpha_j$ is selected by $p_(alpha_j)$. In our implementation, actions of player $p$ are binary encoded by $Act_p$, thus we order all the actions of each player and $Alpha_(i, j)$ is constructed based on the binary representation of $alpha_j$'s index amongst the actions of $p_(alpha_j)$.

We next set $Alpha_i = and.big_(j in [1..h]) Alpha_(i,j)$. The action variables for players with none of their actions mentioned in the action list do not affect the validity of the command, which is the intended semantics. For an empty action list, $Alpha_i$ is the constant true BDD.

We construct BDD $Gamma_i$ to encode the guard, such that $Gamma_i (s) = 1$ iff $gamma_i (s)$ holds. This is done by recursing over the structure of the guard, and is the same as what is done in symbolic model checking of MDPs and TSGs.

Similarly, we construct $Lambda_(i, j)$ to encode the update probability $lambda_(i, j)$ by recursing over the structure of $lambda_(i, j)$, with the base case being a constant probability.

We combine these together for the whole command as
$ Kappa_i = (Alpha_i and Gamma_i) times (Lambda_(i, 1) times Mu_(i,1) + ... + Lambda_(i,m) times Mu_(i,m)) $

To translate whole modules, we combine the effects of ADDs within the same module on the module's state by adding them together, $Theta^M = Kappa^M_1 + ... + Kappa^M_c$. This is valid as all $Alpha_i and Gamma_i$ are disjoint and so only one command can be active for any state and action tuple.

For non-player modules $M$, we also create an ADD representing the identity transition for the case where no command is active:
$
  Kappa^M_id = not ((Alpha^M_1 and Gamma^M_1) or ... or (Alpha^M_c and Gamma^M_c)) times Mu^M_id = not Zeta_"active"^M times Mu^M_id
$
where $Mu^M_id$ is the identity relation over the state variables of module $M$ and $Zeta_"active"^M$ is the BDD representing whether any command in module $M$ is active with respect to the current state and action tuple.

For each non-player module, we add its identity transition for states/action tuples where no command is active, and then multiply the resulting module ADDs because modules execute synchronously.
$ T_"non-player" = product_("non-player module" M) (Theta^M + Kappa_id^M) $

For player modules, we cannot construct an idle action only based on the guards of commands within the module. The condition for the idle action being available is that every non-idle action is unavailable in at least one of the player's modules. We thus need to consider all modules of a specific player before being able to construct the idle transitions for the player's modules.

#extra([
  Since we will be multiplying the modules' ADDs together, we have no means of constructing this idle transition indirectly from the combination of the ADDs.

  Suppose that we did try to introduce module level idle transitions. Suppose we have module $M_1$ with available actions when $A$ holds and module $M_2$ with available actions when $B$ holds. Setting the guard of the idle action on the module level will result in an overall guard of $(not A) and (not B)$ which is not the same as $(not A) or (not B)$.
])

This means that for each player $p$ and action $a$ of $p$, we should export from each module $M$, a BDD $"Available"_(p, a)^M$ that represents whether action $a$ is available in module $M$. An action $a$ is available in module $M$ if there exists one command $i$ with $alpha^M_(i,1) = a$ such that $gamma^M_i$ is satisfied by the current state. Furthermore, we also need to export the identity transition $Mu^M_id$ for each module $M$ controlled by player $p$.

We can then join these separately to form the identity update for all the player's modules:  $product_(M in Modules_p) Mu^M_id$, as well as the condition for the idle action being available:
$
  Stuck_p & = product_(a in A_p \\ {a_bot_p}) Stuck_(p, a) = product_(a in A_p \\ {a_bot_p}) not product_(M in Modules_p) "Available"_(p, a)^(M)
$

We then combine this together with the rest of the module transitions for player $p$ via
$ T_p = (Stuck_p times Alpha_bot_p times product_(M in Modules_p) Mu^M_id) + product_(M in Modules_p) Theta^M $

The overall transition relation is then given by
$ T = T_"non-player" times product_p T_p $

== Correctness Argument
We now sketch why the construction is correct.

$Alpha_i^M$ is a BDD that returns true if and only if the action tuple $overline(a)$ is compatible with the action list of command $kappa_i^M$. $Gamma_i^M$ is a BDD that returns true if and only if the guard of command $kappa_i^M$ is satisfied by state $s$. $Mu_(i, j)^M$ is a BDD that returns true if and only if the update $mu_(i, j)^M$ holds between states $s$ and $s'$.

Thus, $Kappa_i^M$ is an ADD such that $Kappa_i^M (s, overline(a), s')$ gives the probability that we transition from $s$ to $s'$ when action tuple $overline(a)$ is taken, assuming that $M$ only contains the single command $kappa_i^M$ and that all variables from other modules can take arbitrary values. If $s$ does not satisfy the guard, or $overline(a)$ does not satisfy the action list, then this probability will correctly be 0 for every $s'$. On the other hand, if $s$ satisfies the guard and $overline(a)$ satisfies the action list, then for every $s'$ that respects some update(s) of $kappa_i^M$, the probability will be the sum of the relevant $lambda_(i, j)^M$ of the update(s) that result in $s'$ for the variables of module $M$.

$Theta^M$ is then an ADD such that $Theta^M (s, overline(a), s')$ gives the probability that we transition from $s$ to $s'$ when action tuple $overline(a)$ is taken, assuming that $M$ contains all its commands, all variables from other modules can take arbitrary values and there are no idle transitions for module $M$. This comes from the fact that for every $(s, overline(a), s')$, $Theta^M (s, overline(a), s') = Kappa_i^M (s, overline(a), s')$ for the unique command $kappa_i^M$ that is active for $(s, overline(a))$, and 0 if no command is active.

For non-player modules, $Theta^M + Kappa_id^M$ is such that $(Theta^M + Kappa_id^M) (s, overline(a), s')$ gives the probability that we transition from $s$ to $s'$ when action tuple $overline(a)$ is taken, assuming that $M$ contains all its commands, all variables from other modules can take arbitrary values and idle transitions are allowed. The only difference from $Theta^M$ is that if no command is active for $(s, overline(a))$, then we transition to $s'$ with probability 1 if $s = s'$, and 0 otherwise, which is the intended semantics.

For player modules, $product_(M in Modules_p) Theta^M$ gives the probability that we transition from $s$ to $s'$ when action tuple $overline(a)$ is taken, assuming that all modules of player $p$ contain all their commands, all variables from modules not owned by $p$ can take arbitrary values and no idle transitions are allowed by player $p$. This is because the relevant update that is selected by each module that respects the transition $(s, overline(a), s')$ is done independently, and so we can multiply the probabilities together. For states $s$ where no non-idle action can be taken, $(product_(M in Modules_p) Theta^M)(s, overline(a), s') = 0$ for each $overline(a)$ and $s'$, allowing us to add on idle transitions.

$T_p$ then includes the idle transition for player $p$. $T_p (s, overline(a), s')$ with $a_p = bot_p$ has a value of 1 if and only if $s$ and $s'$ agree on the values within modules owned by $p$ and $p$ is stuck. Apart from where $a_p = bot_p$, it has the same behaviour as $product_(M in Modules_p) Theta^M$, thus it correctly modifies the transition probabilities only for player $p$'s idle action.

Finally, since all modules execute synchronously and the relevant updates are selected independently of each other, the overall transition ADD $T$ correctly gives the probability of transitioning from $s$ to $s'$ when action tuple $overline(a)$ is taken, accounting for idle actions from all players and identity transitions of non-player modules.

#extra([
  For CSGs, there is no notion of process algebra to change how the modules are composed, so we do not need to worry about that.

  Sometimes, it is provable that $Stuck_p$ is false, in which case an optimisation could be to allocate less variables, but by the time this is detected in the code, it is too late to change things. It is possible to optimise this in the future.])

== Construction of Reward Structures <construct_rewards>
A state reward item has the form:
$ upsilon_i = gamma_i : rho_i $

A transition reward item has the form:
$ iota_i = [alpha_(i,1), alpha_(i,2), ..., alpha_(i,h)] space gamma_i : rho_i $

where $alpha_(i, j)$ are actions, all from different players, $gamma_i$ is a guard, and $rho_i$ is a reward expression.

Similar to the translation of each command, we translate each reward item separately and merge them together.

Suppose there are $q$ state reward items and $m$ transition reward items. For each state reward item $upsilon_i$, we construct an ADD to represent the reward for being in specific states as
$ Upsilon_i & = Gamma_i times Rho_i $

#extra[
  An example of where the algorithm allows for illegitimate states is if $Gamma_i = "true"$, then $Upsilon_i (s) != 0$ for dummy states $s$.
]

For each transition reward item $iota_i$, we construct an ADD to represent the reward for taking specific transitions as
$
  Iota_i & = (Gamma_i and Alpha_i) times Rho_i \
$

where $Alpha_i$ and $Gamma_i$ are constructed similarly as in the command translation. $Rho_i$ is constructed recursively over the structure of the reward expression in a manner identical to existing work done for symbolic model checking of TSGs @symbolicTSGs.

Since all reward elements independently contribute to the overall reward as part of a sum, we can combine them via:
$
  R_state & = sum_(i=1)^q Upsilon_i \
  R_trans & = sum_(i=1)^m Iota_i
$

== Reachability <reachability>
Reachability restricts the set of states considered when the model checking algorithm is run from a set of initial states $S_initial$. This prunes illegitimate and unreachable states from the ADDs.

The set of reachable states can be computed symbolically using a fixed point computation. We first define the deterministic transition relation $T_det$ to be:
$ T_det: S times S' -> BB = ThereExists(product_(p in N) Act_p, T > Constant(0)) $

This gives us $T_det (s, s') = 1$ iff there is some action tuple $overline(a)$ such that $T(s, overline(a), s')$ is positive, i.e. it is possible to directly transition from $s$ to $s'$.

We then use the standard reachability least fixed-point computation from non-probabilistic symbolic model checking:
$
  U_reachable^0 = & S_initial \
  U_reachable^k = & U_reachable^(k-1) or ReplaceVars(S' |-> S, ThereExists(S, U_reachable^(k-1) and T_det))
$
#implNotes([
  There is a fused BDD operation for applying $and$ followed by an existential abstraction in most BDD libraries. This is implemented via the matrix-multiplication algorithm but on Booleans rather than reals.
])

We can then prune $T$ to only contain transitions from reachable states via:
$ T_reachable = & T times U_reachable $

and this $T_reachable$ can then be used for model checking.

We thus reassign $T := T_reachable$.

We now compute the availability function:

$ Avail = ThereExists(S', T > 0) $

and can prune the reward functions:
$
  R'_state & = R_state times U_reachable \
  R'_trans & = R_trans times Avail
$

= Symbolic Model Checking of CSGs <symbolicModelCheckingCSGs>

We adapt the model checking algorithms in @modelCheckingCSGs to work symbolically with ADDs.

We will represent the solution to a property check $V_(G, C)(phi) : S -> BB$ from @modelCheckingCSGs as a BDD of the same form.

To compute $V(phi)$, we build up the solution recursively over the structure of $phi$.

We let $V_uni: S -> BB$ be the BDD representing the set of all reachable states from $S_initial$, computed in @reachability.

The simple cases are:
$
              V(tru) = & V_uni \
                V(a) = & V_uni and S_a "where" S_a "is a BDD that represents" {s | a in L(s)} \
          V(not phi) = & V_uni and not V(phi) \
  V(phi_1 and phi_2) = & V(phi_1) and V(phi_2)
$

For $cl C cr P_(~q)[psi]$ we compute the following:
$
   V(cl C cr P_(> q)[psi]) = & V_uni and (V(cl C cr P_(max=?) [psi]) > Constant(q)) \
  V(cl C cr P_(>= q)[psi]) = & V_uni and (V(cl C cr P_(max=?) [psi]) >= Constant(q)) \
   V(cl C cr P_(< q)[psi]) = & V_uni and (V(cl C cr P_(min=?) [psi]) < Constant(q)) \
  V(cl C cr P_(<= q)[psi]) = & V_uni and (V(cl C cr P_(min=?) [psi]) <= Constant(q))
$

where $V(cl C cr P_(max=?) (psi)): S -> [0, 1]$ is the solution to the maximum probabilistic reachability problem for the coalition $C$ with respect to path property $psi$, as introduced in @quantitativeQueries.

For $cl C cr R^r_(~x)[rho]$ we analogously do:
$
   V(cl C cr R^r_(> x)[rho]) = & V_uni and (V(cl C cr R^r_(max=?) [rho]) > Constant(x)) \
  V(cl C cr R^r_(>= x)[rho]) = & V_uni and (V(cl C cr R^r_(max=?) [rho]) >= Constant(x)) \
   V(cl C cr R^r_(< x)[rho]) = & V_uni and (V(cl C cr R^r_(min=?) [rho]) < Constant(x)) \
  V(cl C cr R^r_(<= x)[rho]) = & V_uni and (V(cl C cr R^r_(min=?) [rho]) <= Constant(x))
$

As in @modelCheckingCSGs, to handle $R^r_(min\/max=?)$ and $P_(min\/max=?)$ we will need to solve multiple matrix games during the model checking process.

We first define the action set for the coalitions as
$ Act_C & := product_(i in C) Act_i, space Act_(N \\ C) & := product_(i in N \\ C) Act_i $

We can then define the operation

$
  Val: & (S -> Act_C times Act_(N\\C) -> RR) \
       & times (S -> Act_C times Act_(N\\C) -> BB) \
       & times ADDVars times ADDVars -> (S -> RR)
$

such that:
#let Av = "Av"

$Val(Z, Av, Act_C, Act_(N\\C))(s)$ is the minimax value of the matrix game between $C$ and $N\\C$ defined by $Z(s)$.

$Z$ is the ADD that represents the payoff values for each state for each selected action tuple. We allow $Z(s, arrow(a)_C, arrow(a)_(N\\C))$ to take arbitrary values when $Av(s, arrow(a)_C, arrow(a)_(N\\C)) = 0$.

$Av$ is the availability set that specifies which action tuples are admissible at each state, usually passed as $Avail$ from @symbolicConstructionSection.

$Act_C$ and $Act_(N\\C)$ specify which variables are part of the maximising and minimising players respectively.

This generalises the $val$ operation used in @modelCheckingCSGs to solve multiple matrix games each indexed by states, simultaneously. We describe a purely symbolic algorithm to compute $Val$ in @symbolicRegretMatching and an efficient hybrid algorithm in @hybridVal.

== Maximum/Minimum Probabilistic Reachability <symbolicMaximumProbabilisticReachability>
As $V(cl C cr P_(min=?) (psi)) = V(cl N \\ C cr P_(max=?) (psi))$, we only need to describe how to compute $V(cl C cr P_(max=?) (psi))$.

As in the explicit-state algorithm, to compute $V(cl C cr P_(max=?) (psi))$, we consider the structure of $psi$.

=== Next
If $psi = next phi$, we compute

$
  V(cl C cr P_(max=?) (next phi)) = Val(
    & MVMult(T, ReplaceVars(S |-> S', V(phi)), S'), \
    &Avail, Act_C, Act_(N \\ C)
  )
$

=== Bounded Until
If $psi = phi_1 until(k) phi_2$, we compute $V_n = V(cl C cr P_(max=?) (phi_1 until(n) phi_2))$ for all $n in [0..k]$ via:

$
      V_0 = & V(phi_2) \
      V_n = & IfThenElse(V(phi_2), Constant(1), Val(Z_n, Avail_?, Act_C, Act_(N \\ C))) \
  "where"
  Avail_? = & (V(phi_1) and not V(phi_2)) and Avail \
      T_? = & Restrict(Restrict(T, Avail_?), ReplaceVars(S |-> S', V_uni)) \
      Z_n = & MVMult(T_?, ReplaceVars(S |-> S', V_(n-1)), S')
$
We make use of $Restrict$ to reduce the size of $T$ as much as possible while still preserving correctness on relevant states.

=== Until
Using the same logic as in @modelCheckingCSGs, $V(cl C cr P_(max=?) (phi_1 until() phi_2))$ can be found by doing the bounded until iteratively until convergence.

We describe in detail how to perform the pre-computation algorithms from @concurrentOmegaRegularGames symbolically.

==== Prob 1 <prob1Algorithm>

The set of states that have maximum probability 1 of satisfying $phi_1 until() phi_2$, $v(cl C cr P_(max=1)(phi_1 until() phi_2)) subset.eq S$ can be found via an adaptation of the "almost-surely" reachable algorithm described in @concurrentOmegaRegularGames.

$ v(cl C cr P_(max=1)(phi_1 until() phi_2)) = nu y . mu x . ((apre_C (y, x) inter v(phi_1)) union v(phi_2)) $

where:
- $apre_C: 2^S times 2^S -> 2^S$ is the predecessor operator for computing almost surely reachability. $apre_C (y, x)$ represents the states where the players in coalition $C$ can ensure that the next state is in $y$ with probability 1, and also ensure that there is a non-zero probability of reaching a state in $x$.
- $nu$ and $mu$ are the greatest and least fixed point operators respectively.
- $v(phi_1) subset.eq S$ and $v(phi_2) subset.eq S$ are the sets of states satisfying $phi_1$ and $phi_2$ respectively.

$apre_C (y, x)$ can be computed as follows:

$
  s in apre_C (y, x) & <=> B^s_x (A_y^s) = act_(N\\C)^s \
  A_y^s & = {a in act_C^s | forall b in act_(N\\C)^s space forall s' in S space delta(cl a, b cr, s, s') > 0 -> s' in y} \
  B_x^s (A) &= {b in act_(N\\C)^s | exists a in A space exists s' in S space delta(cl a, b cr, s, s') > 0 and s' in x}
$

where $act_(C)^s$ is the set of available actions for coalition $C$ at state $s$.

This can be computed via the following nested fixed point iteration:
$
       y_0 & = v_uni \
       y_n & = x_(n, infinity)                                                    && forall n >= 1 \
  x_(n, 0) & = emptyset                                                           && forall n >= 1 \
  x_(n, m) & = (Apre_C (y_(n-1), x_(n, m-1)) inter v(phi_1)) union v(phi_2) space && forall n, m >= 1 \
$

where $v_uni$ is the set of reachable states.

Upon convergence, we have $v(cl C cr P_(max=1)(phi_1 until() phi_2)) = y_infinity$.

We can compute $apre_C (y,x)$ symbolically using BDD inputs $Y: S -> BB$ and $X: S -> BB$ as follows, yielding an operator of the form $Apre_C : (S -> BB) times (S -> BB) -> (S -> BB)$.
$
           A_Y = Avail_C and & ForAll(
                                 Act_(N\\C), Implies(
                                   Avail_(N\\C), \
                                   & ForAll(
                                     S', \
                                     & Implies(T_+, ReplaceVars(S |-> S', Y))
                                   )
                                 )
                               ) \
  B_X (A) = Avail_(N\\C) and & ThereExists(
                                 Act_C, Avail_C and A and \
                                 & ThereExists(S', T_+ and ReplaceVars(S |-> S', X))
                               ) \
             Apre_C (Y, X) = & ForAll(Act_(N\\C), Implies(Avail_(N\\C), B_X (A_Y))) \
$

where:
$
                        Avail_D : S times Act_D -> BB = & ThereExists(Act_(N\\D), Avail) \
  T_+ : S times Act_C times Act_(N\\C) times S' -> BB = & T > Constant(0)
$

#extra[
  The $Avail_C$ in $Avail_C and A and ...$ is theoretically not required if we always call $B_X$ on $A_Y$ since we already apply conjunction with $Avail_C$ at the outermost level of computing $A_Y$, but for generality, we leave it.
]

Then, the rest of the fixed point iterations can be done as:
$
       Y_0 & = V_uni \
       Y_n & = X_(n, infinity)                                               && forall n >= 1 \
  X_(n, 0) & = Constant(0)                                                   && forall n >= 1 \
  X_(n, m) & = (Apre_C (Y_(n-1), X_(n, m-1)) and V(phi_1)) or V(phi_2) space && forall n, m >= 1 \
$

Since both $X$ and $Y$ change monotonically, the nested fixed point iteration will converge in at most $|V_uni|^2$ iterations.

==== Prob 0
The set of states that have maximum probability 0 of satisfying $phi_1 until() phi_2$ can be computed as:

$
  V(cl C cr P_(max=0)(phi_1 until() phi_2)) = & V(cl N\\C cr P_(max=1) (mono(G) not phi_2)) or \
                                              & V(cl N\\C cr P_(max=1) (not phi_2 until() (not phi_1 and not phi_2)))
$

That is, these are the states where the players in $N \\C$ can always ensure either that $phi_2$ is never satisfied or that $phi_2$ remains unsatisfied until $phi_1$ is violated.

The second part $V(cl N\\C cr P_(max=1) (not phi_2 until() (not phi_1 and not phi_2)))$ can be computed via the same pre-computation algorithm for probability 1 states described above, swapping the roles of the coalitions and replacing $phi_1$ and $phi_2$ with $not phi_2$ and $not phi_1 and not phi_2$ respectively.

We compute $v(cl N\\C cr P_(max=1) (mono(G) not phi_2))$ via the following (adapted from @concurrentOmegaRegularGames):

$ v(cl N\\C cr P_(max=1) (mono(G) not phi_2)) = nu x . (pre_(N\\C)(x) inter v(not phi_2)) $

where:
$
  pre_(N\\C)(X) = {s in S | & exists a_(N\\C) in act^s_(N\\C) forall a_C in act^s_C forall s' in S \
                            & (delta(cl a_C, a_(N\\C) cr, s, s') > 0 -> s' in X)}
$
and $nu$ is the greatest fixed point operator.

This can be computed via the following greatest fixed point iteration:
$
  x_0 & = v_uni \\ v(phi_2) \
  x_n & = pre_(N\\C)(x_(n-1)) inter (v_uni \\ v(phi_2)) space forall n >= 1 \
$

Then finally

$
  v(cl C cr P_(max=0)(phi_1 until() phi_2)) = x_infinity union v(cl N\\C cr P_(max=1) (not phi_2 until() (not phi_1 and not phi_2)))
$

The fixed point computation can be done symbolically via:
$
  X_0 = & V_uni and not V(phi_2)       && \
  X_n = & (V_uni and not V(phi_2)) and && ThereExists(
                                            Act_(N\\C), Avail_(N\\C) and \
                                            & && ForAll(
                                              Act_C, Implies(
                                                Avail_C, \
                                                & && ForAll(
                                                  S', \
                                                  & && Implies(T_+, ReplaceVars(S |-> S', X_(n-1)))
                                                )
                                              )
                                            )
                                          ) \
$

Since $X$ has states removed from it monotonically, this will finish in at most $|V_uni|$ iterations.

Finally, we combine both parts to get

$
  V(cl C cr P_(max=0)(phi_1 until() phi_2)) = X_infinity or V(cl N\\C cr P_(max=1) (not phi_2 until() (not phi_1 and not phi_2)))
$

Since this uses the Prob 1 algorithm, the total number of iterations taken is $O(|V_uni|^2)$.

==== Quantitative Value Iteration
After doing pre-computation, we will have three BDDs $V_(max=0), V_(max=1), V_? = V_uni and not (V_(max=0) or V_(max=1))$ that correspond to states that have probability 0, probability 1, and unknown probability of satisfying the until property respectively.

We can then use the bounded-until value iteration algorithm to get $V_0, V_1, V_2, ...$ until we find that the values of $V_n: S -> [0, 1]$ converge.

While doing so, we restrict $T_?$ to matrix games for states in $V_?$ to reduce the computational load.

$
              V_0 = & V_(max=1) \
              V_n = & IfThenElse(V_(max=1), Constant(1), Val(Z_n, Avail_?, Act_C, Act_(N \\ C))) \
  "where" Avail_? = & Avail and V_? \
              T_? = & Restrict(Restrict(T, Avail_?), ReplaceVars(S |-> S', V_uni)) \
              Z_n = & MVMult(T_?, ReplaceVars(S |-> S', V_(n-1)), S')
$

Since $Avail_?$ does not include the states in $V_(max=0)$, $V_n$ is guaranteed to be 0 for states in $V_(max=0)$, thus we do not need to explicitly set it to 0.

We test for convergence via

$ supnorm(V_n, V_(n-1)) < epsilon $
where
- $supnorm(f, g) = max_(s in S) |f(s) - g(s)|$, i.e. the maximum absolute error
- $epsilon in RR^+$ is a small constant representing the acceptable error

At this point, we can return $V(cl C cr P_(max=?)(phi_1 until() phi_2)) = V_n$.

== Maximum Expected Reward
As above, we deal with reward-based properties by focusing on computing $V (cl C cr R^r_(max=?) (rho))$, and do so by considering the structure of $rho$.

Since each of the reward-based operators are checked only with reference to a single reward structure, we drop the $r$ superscript for clarity.

We reuse the $Val$ operator from @symbolicMaximumProbabilisticReachability to solve the matrix games that arise.

=== Instantaneous Reward
To compute $V(cl C cr R_(max=?) [mono(I)^(=n)])$, we do

$
          V_0 = & R_state \
          V_n = & Val(Z_n, Avail, Act_C, Act_(N \\ C)) \
  "where" T_? = & Restrict(Restrict(T, Avail), ReplaceVars(S |-> S', V_uni)) \
          Z_n = & MVMult(T_?, ReplaceVars(S |-> S', V_(n-1)), S') \
$

and return $V(cl C cr R_(max=?) [mono(I)^(=n)]) = V_n$.

=== Bounded Cumulative Rewards

To compute $V(cl C cr R_(max=?) [mono(C)^(<=n)])$, we do:

$
          V_0 = & Constant(0) \
          V_n = & Val(Z_n, Avail, Act_C, Act_(N \\ C)) + R_state \
  "where" T_? = & Restrict(Restrict(T, Avail), ReplaceVars(S |-> S', V_uni)) \
   R_(trans?) = & Restrict(R_trans, Avail) \
          Z_n = & R_(trans?) + MVMult(T_?, ReplaceVars(S |-> S', V_(n-1)), S') \
$

and return $V(cl C cr R_(max=?) [mono(C)^(<=n)]) = V_n$.

=== Expected Reachability
To compute $V(cl C cr R_(max=?) [mono(F) phi])$, we first use $V_infinity = V(cl C cr P_(<1)(mono(F) phi))$ via the pre-computation algorithm in @prob1Algorithm.

We next construct $R_gamma = (R_state^gamma, R_trans^gamma)$ via

$
  R_state^gamma & = IfThenElse((R_state = 0) and V_uni, Constant(gamma), R_state) \
  R_trans^gamma & = IfThenElse(R_trans = 0, Constant(gamma), R_trans)
$

#extra[
  Doing the conjunction $(R_state = 0) and V_uni$ ensures that $R_state^gamma$ is $0$ for unreachable/illegitimate states. This is needed to maintain the invariant that $V_n^gamma$ is $0$ for illegitimate states during value iteration.
]

Analogous to maximum probabilistic reachability, we focus only on states whose expected rewards are not known to be infinite or zero and use `Restrict` to minimise the size of the ADDs.

$
             V_phi = & V(phi) \
           Avail_? = & Avail and not V_infinity and not V_phi \
  R_(state?)^gamma = & R_state^gamma times (not V_infinity and not V_phi) \
  R_(trans?)^gamma = & Restrict(Restrict(R_trans^gamma, Avail_?), ReplaceVars(S |-> S', V_uni)) \
               T_? = & Restrict(T, Avail_?) \
$

We then do the value iteration as follows:

$
    V^gamma_0 = & V_infinity times infinity \
    V^gamma_n = & IfThenElse(V_infinity, infinity, R_(state?)^gamma + Val(Z_n, Avail_?, Act_C, Act_(N \\ C))) \
  "where" Z_n = & R_(trans?)^gamma + MVMult(T_?, ReplaceVars(S |-> S', V^(gamma)_(n-1)), S') \
$

Since $Avail_?$ does not include the states in $V_phi$, $V_n^gamma$ is guaranteed to be 0 for states in $V_phi$ and thus we do not need to explicitly set it to 0.

We repeat until convergence, tested via the `supnorm` operation as in @symbolicMaximumProbabilisticReachability.

We perform the second value iteration in a similar manner but with initial values determined by the final values from the previous value iteration, $V_N^gamma$.
$
   R_(state?) = & R_state times (not V_infinity and not V_phi) \
   R_(trans?) = & Restrict(Restrict(R_trans, Avail_?), ReplaceVars(S |-> S', V_uni)) \
          V_0 = & V_infinity times infinity + V^gamma_N \
          V_n = & IfThenElse(V_infinity, infinity, R_(state?) + Val(Z_n, Avail_?, Act_C, Act_(N \\ C))) \
  "where" Z_n = & R_(trans?) + MVMult(T_?, ReplaceVars(S |-> S', V_(n-1)), S') \
$

We use the same convergence criterion as before, returning $V(cl C cr R_(max=?) [mono(F) phi]) = V_N$ upon convergence.

= Symbolic Minimax via Symbolic Discounted Regret Matching <symbolicRegretMatching>

In this section, we describe a novel fully symbolic implementation of $Val(Z, Avail, Act_C, Act_(N\\C))$ for the symbolic model checking algorithms in @symbolicModelCheckingCSGs.

Rather than adapting from linear programming, we focus on regret matching, which has control flow independent of the payoff matrix entries, naturally allowing for a symbolic adaptation.

We first ignore coalitions and consider two-player zero-sum games with action sets $A_A$ and $A_B$ for players A (maximiser) and B (minimiser) respectively.

The payoff matrices for all states are represented as a single ADD

$ Z : S -> Act_A times Act_B -> RR $

Here, $Z(s) : Act_A times Act_B -> RR$ represents the payoff matrix for the two-player zero-sum game at state $s$. Specifically, $Z(s)(a_A, a_B)$ gives the utility that player A receives when player A plays action $a_A$ and player B plays action $a_B$ at state $s$.

Our aim is to find a state-indexed ADD of minimax values: $Val(Z, Avail, Act_A, Act_B): S -> RR$ where
- $Val(Z, Avail, Act_A, Act_B)(s)$ is the minimax value of solving the matrix game $Z(s)$ for each relevant state $s$. A relevant state is one with at least one valid action tuple, i.e. there exists $a_A in Act_A$ and $a_B in Act_B$ such that $Avail(s, a_A, a_B) = 1$.
- $Val(Z, Avail, Act_A, Act_B)(s) = 0$ for irrelevant states.

We modify the discounted regret matching algorithm from @regretMatchingPrelim to solve all games represented in $Z$ simultaneously using ADD operations. A crucial fact to handle is that not every action is available to each player at every state.

The goal is to generate (mixed) strategies for each player at each relevant state:
$
  X_A: Act_A -> S -> [0, 1]\
  X_B: Act_B -> S -> [0, 1]
$
- We ensure that $X_p (a, s) = 0$ if action $a$ is not available in state $s$ for player $p$
- We ensure that $sum_(a in Act_p) X_p (a, s) = 1$ for each relevant state

*Initialisation*:

We generate the BDD $Avail_p$ that indicates which actions are available to player $p$ at state $s$ and use it to minimise the size of $Z$ via `Restrict`.
$
           Avail_A: S times Act_A -> BB = & ThereExists(Act_B, Avail) \
           Avail_B: S times Act_B -> BB = & ThereExists(Act_A, Avail) \
  Z_Avail: S -> Act_A times Act_B -> RR = & Restrict(Z, Avail)
$

#extra[
  In the overall model checking flow, `valRegretMatching` is called with $Z$ already somewhat minimised, but we still use $Restrict$ to further minimise $Z$ as much as possible, and to keep the algorithm as general as possible.
]

We implement the uniform initialisation of current and zero initialisation of cumulative regrets and average strategies as follows:
$
  X_p^((0)): Act_p -> S -> [0, 1] = & Avail_p div Abstract(+, Avail_p, Act_p) \
      R_p^((0)): Act_p -> S -> RR = & Constant(0) \
  sigma_p^((0)): Act_p -> S -> RR = & Constant(0) \
$

*For each iteration $t >= 1$*:

1. We compute the utility for each player.

$
  U^((t))_A: Act_A -> S -> RR = & MVMult(Z_Avail, X_B^((t-1)), Act_B) \
  U^((t))_B: Act_B -> S -> RR = & - MVMult(Z_Avail, X_A^((t-1)), Act_A)
$

#extra([
  At this stage $U_p^((t))$ is $0$ for all irrelevant states since in the $MVMult$, we multiply $Z_Avail$ with $X_(not p)^((t-1))$. $X_(not p)^((t-1))$ is zero for irrelevant states so the multiplication zeros out the irrelevant states in the result.#footnote[Where $not p$ refers to the opposing player]

  However, for relevant states $U_p^((t))(s, a)$ can be non-zero for unavailable $act_p$ in $s$.
])

2. We compute the payoff value for each player with the current strategies.

$
  C_p^((t)): S -> RR = & MVMult(X_p^((t-1)), U^((t))_p, Act_p)
$

#extra([
  This is $0$ for irrelevant states, and correctly computed for relevant states since $X_p^((t-1))$ is zero for unavailable actions in relevant states, zeroing out the issues mentioned in the previous step.
])

3. We then compute the instantaneous regret.

$ I_p^((t)): Act_p -> S -> RR = (U^((t))_p - C_p^((t))) times Avail_p $

We mask this instantaneous regret with $Avail_p$ to ensure that it is $0$ for actions that are not available, including all actions in irrelevant states. This is important to ensure that unavailable actions do not contribute to the cumulative regret and thus the strategy updates.

4. We discount and accumulate the regret for each action for each player.

$
  R_p^((t)): Act_p -> S -> RR = IfThenElse(R_p^((t-1)) >= 0, (t^alpha)/(1 + t^alpha) R_p^((t-1)), (t^beta)/(1 + t^beta) R_p^((t-1)))
  + I_p^((t))
$

5. We compute the new strategy for each player by normalising the positive cumulative regret.

$
  Y_p^((t)): Act_p -> S -> RR^+_0 = & Max(R_p^((t)), 0)\
  X_p^((t)): Act_p -> S -> [0, 1] = & IfThenElse(Abstract(+, Y_p^((t)), Act_p) > 0, \ & Y_p^((t)) div Abstract(+, Y_p^((t)), Act_p), X_p^((0)))
$

6. We discount and update the accumulated strategies for each player.

$
  sigma_p^((t)): Act_p -> S -> RR^+_0 = (t / (t+1))^gamma sigma_p^((t-1)) + X_p^((t))
$

7. We compute the average strategy for each player.

$ overline(X)_p^((t)): Act_p -> S -> [0, 1] = sigma_p^((t)) div Abstract(+, sigma_p^((t)), Act_p) $

8. We can check for convergence every $k = 1000$ iterations via:

$
  "UpperBound"^((t)) & : S -> RR = \
                     & Abstract(max, MVMult(Z_Avail, overline(X)_B^((t)), Act_B) - infinity times (1 - Avail_A), Act_A) \
  "LowerBound"^((t)) & : S -> RR = \
                     & Abstract(min, MVMult(overline(X)_A^((t)), Z_Avail, Act_A) + infinity times (1 - Avail_B), Act_B)
$

From here, we can compute the difference as $"UpperBound" - "LowerBound"$. We can then determine the states that have converged, which can be represented by the ADD
$
  "Finished"^((t)) : S -> BB = "UpperBound" - "LowerBound" < epsilon
$

We can then accumulate the finished results in an ADD
$
  "Result"^((t)) : S -> RR = & MVMult(overline(X)_A^((t)), MVMult(Z_Avail, overline(X)_B^((t)), Act_B), Act_A) \
     Val(Z)^((0)): S -> RR = & Constant(0) \
     Val(Z)^((t)): S -> RR = & Val(Z)^((t-1)) + "Result"^((t)) times "Finished"^((t)) \
$

A subtle point is that the computation of $"Result"^((t))$ zeros out the result for irrelevant states since $Z_Avail$ is multiplied with $overline(X)_B^((t))$ within $MVMult(Z_Avail, overline(X)_B^((t)), Act_B)$ and $overline(X)_B^((t))(s, arrow(a)_B)$ is always 0 for irrelevant states $s$. Thus, even though `Finished` will contain irrelevant states, this does not affect $Val(Z)^((t))$.

We also remove these states from all the relevant BDDs/ADDs to ensure that we do not add them back in future iterations and to reduce the computational load for future iterations.
$
      X_p^((0)) = & not "Finished"^((t)) times X_p^((0)) \
      X_p^((t)) = & not "Finished"^((t)) times X_p^((t)) \
      R_p^((t)) = & not "Finished"^((t)) times R_p^((t)) \
  sigma_p^((t)) = & not "Finished"^((t)) times sigma_p^((t)) \
        Avail_p = & not "Finished"^((t)) times Avail_p \
        Z_Avail = & Restrict(Restrict(Z_Avail, Avail_A), Avail_B) \
$

9. The final minimax values are $Val(Z)^((T))$, where $T$ is the final iteration.

== Dealing with Coalitions
To deal with two non-empty coalitions of players $C$ and $N \\ C$, we observe that the algorithm does not depend on how the individual actions of each player are encoded as ADD variables, only on there being two disjoint action sets: one for the maximising player and one for the minimising player.

Thus, we can take $Act_A = Act_C$ and $Act_B = Act_(N \\ C)$, i.e.
$
  product_(i in N) Act_i = (product_(i in C) Act_i) times (product_(i in N \\ C) Act_i) = Act_C times Act_(N \\ C)
$

This means that we can use $Z$ directly without modification:

$ Z : S times product_(i in N) Act_i -> RR = S times Act_C times Act_(N \\ C) -> RR $

Furthermore, we can view $T$ as a transition relation for two players as well:

$ T: product_(i in N) Act_i times S times S' -> [0, 1] = Act_C times Act_(N \\ C) times S times S' -> [0, 1] $


Thus, all of the above regarding two-player games can be generalised to two-coalition games with no modification.

However, this method does not correctly handle total ($C = N$) or empty ($C = emptyset$) coalitions. Fortunately, such coalitions reduce the minimax problem to a simple max or min problem, which can be solved directly. We still need to ensure that we only consider available actions and return zero for irrelevant states.


// JDDNode valTrivial(JDDNode Z, JDDNode avail, JDDVars maxiVars, JDDVars miniVars) throws PrismException
// {
//     if (miniVars.getNumVars() == 0) {
//         JDDNode avail_max = avail.copy(); // no minivars
//         JDDNode tmp = JDD.ITE(avail_max, Z, JDD.MINUS_INFINITY.copy());
//         JDDNode result = JDD.MaxAbstract(tmp, maxiVars);
//         JDDNode relevantStates = JDD.ThereExists(avail_max.copy(), maxiVars);
//         return JDD.Times(result, relevantStates);
//     } else if (maxiVars.getNumVars() == 0) {
//         JDDNode avail_mini = avail.copy(); // no maxvars
//         JDDNode tmp = JDD.ITE(avail_mini, Z, JDD.PLUS_INFINITY.copy());
//         JDDNode result = JDD.MinAbstract(tmp, miniVars);
//         JDDNode relevantStates = JDD.ThereExists(avail_mini.copy(), miniVars);
//         return JDD.Times(result, relevantStates);
//     } else {
//         throw new PrismException("Trivial case only applies when one player has no actions");
//     }
// }

#algorithm-figure(
  "Total/Empty Coalition Val",
  line-numbers: false,
  inset: -0.3em,
  {
    [
      #pseudocode-list[
        + *procedure* valTrivial(\
          `            `Z: ADDNode, avail: ADDNode,\
          `            `maxiVars: List[ADDVar], miniVars: List[ADDVar])
          + *if* miniVars.isEmpty() *then*
            + ZMasked $<-$ IfThenElse(avail, Z, $-infinity$)
            + result $<-$ Abstract(Max, ZMasked, maxiVars)
            + relevantStates $<-$ ThereExists(maxiVars, avail)
            + *return* result $times$ relevantStates
          + *else if* maxiVars.isEmpty() *then*
            + ZMasked $<-$ IfThenElse(avail, Z, $infinity$)
            + result $<-$ Abstract(Min, ZMasked, miniVars)
            + relevantStates $<-$ ThereExists(miniVars, avail)
            + *return* result $times$ relevantStates
          + *else*
            + *assert* false
          + *end if*
        + *end procedure*
      ]
    ]
  },
) <valTrivialAlgorithm>

This is implemented in @valTrivialAlgorithm where we use $plus.minus infinity$ to avoid impacting the min/max abstract. We zero out these $plus.minus infinity$ values to ensure they do not propagate into the result via the multiplication by `relevantStates`.

== Dynamic Variable Reordering
A benefit of this fully symbolic implementation is that it is independent of variable reorderings. Thus, we can safely enable automatic variable reordering throughout the checking of each path/reward formula. Based on ad hoc testing, group sifting @groupSifting provided a good balance between speed and effectiveness.


= Hybrid Minimax via Linear Programming <hybridVal>

In this section, we describe an efficient hybrid implementation of $Val(Z, Avail, Act_C, Act_(N\\C))$ for the model checking algorithms in @symbolicModelCheckingCSGs.

This algorithm relies on action ADD variables being ordered after current-state variables. The core idea is that sub-ADDs rooted at action variables represent single matrix games, and the relevant roots are those that are also cofactors of current-state nodes (the coloured nodes in @hybridValImg). For each such sub-ADD, we extract the matrix game explicitly, solve it via linear programming, and substitute the subtree with a constant representing the matrix-game value (the square coloured nodes in @hybridValImg).

#figure(
  caption: "Illustration of Relevant Sub-ADDs and Substitution",
)[
  #image("img/HybridVal.png")
] <hybridValImg>

As a pre-processing step, we integrate the action availability information from $Avail$ into $Z$ by replacing invalid action tuples with the sentinel value $-infinity$.

$ Z = IfThenElse(Avail, Z, -infinity) $

The first step is finding the roots of the relevant matrix sub-ADDs. We do so with @findMatrixGamesAlgorithm by recursing over $Z$ from the root. We can identify such roots as a node whose variable is the first action variable encountered in a path from the root to that node. We memoise visited nodes to avoid repeated traversal of the same sub-ADD.

#algorithm-figure(
  "Find Matrix Games",
  line-numbers: false,
  inset: -0.3em,
  {
    [
      #pseudocode-list[
        + *procedure* FindMatrixGames(\
          `            `u: ADDNode, roots: Set[ADDNode], \
          `            `visited: Set[ADDNode], actV: Set[ADDVar])
          + *if* u is terminal *or* u $in$ visited *then*
            + *return*
          + *end if*
          + visited $<-$ visited $union$ {u}
          + *if* u.var $in$ actV *then*
            + roots $<-$ roots $union$ {u}
          + *else*
            + FindMatrixGames(u.high, roots, visited, actV)
            + FindMatrixGames(u.low, roots, visited, actV)
          + *end if*
        + *end procedure*
      ]
    ]
  },
)<findMatrixGamesAlgorithm>

#implNotes([
  It is possible to do tail call optimisation here, but this is not a critical part to optimise.
])

For each identified matrix-game root node, we use @buildMatrixGameAlgorithm to build an explicit matrix game by considering all paths along the matrix-game sub-ADD. For each path, we compute the components of the action tuple belonging to the minimiser and maximiser, as well as the payoff from the action tuple. This is used to fill in a payoff matrix.

#algorithm-figure(
  "Build Matrix Game",
  line-numbers: false,
  inset: -0.3em,
  {
    [
      #pseudocode-list[
        + *procedure* BuildMatrixGame(\
          `            `u: ADDNode, maxiVars: List[ADDVar], \
          `            `miniVars: List[ADDVar])
          + entryMaxi $<-$ List[]
          + entryMini $<-$ List[]
          + entryPayoff $<-$ List[]
          + *for each* non $- infinity$ (expanded) path $p$ $in$ $u$:
            + entryMaxi.add($p$.restrictTo(maxiVars))
            + entryMini.add($p$.restrictTo(miniVars))
            + entryPayoff.add($p$.terminalValue())
          + *end for*
          + allMaxActions $<-$ entryMaxi.sorted().unique() \
          + allMinActions $<-$ entryMini.sorted().unique() \
          + matrixGame $<-$ Matrix.OfSize(\
            `            `allMaxActions.size(), allMinActions.size())

          + *for each* (eMaxi, eMini, payoff) $in$ zip(entryMaxi, entryMini, entryPayoff):
            + i $<-$ allMaxActions.indexOf(eMaxi)
            + j $<-$ allMinActions.indexOf(eMini)
            + matrixGame[i][j] $<-$ payoff
          + *end for*
          + *return* matrixGame
        + *end procedure*
      ]
    ]
  },
) <buildMatrixGameAlgorithm>

#implNotes([
  We loop over all expanded non $-infinity$ paths by using a recursive function that keeps track of the (action) variables that we have seen so far. If we have skipped one or more action variables, then we directly fork into two sub-calls for the two possible values of the earliest ordered skipped action variable. Otherwise, we proceed with recursing on the high and low child as normal.

  For this to work, we need to ensure that the ordering of the action variables does not change from the fixed known ordering during the execution of `BuildMatrixGame`.
])

For each matrix game, we use the same linear-programming formulation as the explicit-state implementation @GabrielPhD to find its minimax value. Finally, we use @substituteTreesAlgorithm to generate a new ADD that represents the substitution of matrix subtrees with their minimax values. We ensure that any $-infinity$ sentinel values are replaced with $0$.

#algorithm-figure(
  "Substitute ADD Subtrees with Minimax Values",
  line-numbers: false,
  inset: -0.3em,
  {
    [
      #pseudocode-list[
        + *procedure* substituteTrees(\
          `            `u: ADDNode, actTrees: Map[ADDNode, Double], \
          `            `memo: Map[ADDNode, ADDNode])
          + *if* u $in$ actTrees *then*
            + *return* Constant(actTrees[u])
          + *else if* u $in$ memo *then*
            + *return* memo[u]
          + *else if* u is terminal *then*
            + *return* u = Constant($-infinity$) ? Constant($0$) : u
          + *else*
            + newHigh $<-$ substituteTrees(u.high, actTrees, memo)
            + newLow $<-$ substituteTrees(u.low, actTrees, memo)
            + newNode $<-$ IfThenElse(u.var, newHigh, newLow)
            + memo[u] $<-$ newNode
            + *return* newNode
          + *end if*
        + *end procedure*
      ]
    ]
  },
) <substituteTreesAlgorithm>

These steps are combined to form `HybridVal` in @hybridAlgorithm, taking into account the edge case of a total/empty coalition which uses @valTrivialAlgorithm instead.

#algorithm-figure(
  "Hybrid Val Algorithm",
  line-numbers: false,
  inset: -0.3em,
  {
    [
      #pseudocode-list[
        + *procedure* hybridVal(\
          `            `Z: ADDNode, avail: ADDNode,\
          `            `maxiVars: List[ADDVar], miniVars: List[ADDVar])
          + *if* maxiVars.isEmpty() || miniVars.isEmpty() *then*
            + *return* valTrivial(Z, avail, maxiVars, miniVars)
          + *end if*

          + Z $<-$ IfThenElse(avail, Z, -infinity)
          + roots $<-$ Set[]
          + visited $<-$ Set[]
          + FindMatrixGames(Z, roots, visited, maxiVars $union$ miniVars)

          + actTrees $<-$ Map[]
          + *for each* root r $in$ roots:
            + matrixGame $<-$ BuildMatrixGame(r, maxiVars, miniVars)
            + value $<-$ SolveMinimaxLP(matrixGame)
            + actTrees[r] $<-$ value
          + *end for*

          + memo $<-$ Map[]
          + *return* substituteTrees(Z, actTrees, memo)
        + *end procedure*
      ]
    ]
  },
)<hybridAlgorithm>

As shown later in @profiling, the translation between symbolic and explicit representations is usually not a dominant cost relative to other hotspots of the code, making it our preferred method for implementing `Val`.

#extra[
  A straightforward improvement would be to build and solve the matrix games in parallel with multi-threading. However, we avoid this to maintain a fair comparison with the explicit-state implementation, which is also single-threaded.
]

== Dynamic Variable Reordering
With this approach, we cannot arbitrarily reorder the ADD variables. However, we can still form two groups: $S union S'$ and $union.big_p Act_p$, then permit reordering amongst the variables within each group, keeping the first group above the second group.

The implementation of hybrid `Val` requires the variable ordering to remain fixed while it runs, so we trigger dynamic reordering only once per path/reward formula checked. As before, we use group sifting @groupSifting.

= Experimental Results and Analysis <evaluationChapter>
We evaluate the performance of different variants of our symbolic verification algorithms on a set of real-world case studies from the #link("https://www.prismmodelchecker.org/games/casestudies.php")[PRISM-games repository], described in @caseStudiesTable.

All reported timings are wall-clock times measured within PRISM-games, split across model construction, pre-computation, and value iteration. Memory usage is reported as the maximum resident set size measured using the Unix `time` utility, capturing both Java heap usage and native memory consumption by the CUDD library.

Each experiment is reported as the average of three runs using the default PRISM-games configuration (1 GB Java heap, 1 GB CUDD memory) with OpenJDK 25.0.2+10 on a machine running NixOS 26.05 with an Intel i7-11800H CPU.
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#figure(caption: "CSG Case Studies")[
  #set table(
    stroke: (x, y) => {
      if y == 0 { (bottom: 0.7pt + black) }
      if x < 3 { (right: 0.7pt + black) }
    },
  )
  #table(
    columns: (20%, auto, auto, 45%),
    align: (left, left, left, left),
    table.header(
      table.cell(align: center)[*Name*],
      table.cell(align: center)[*Abbrev*],
      table.cell(align: center)[*Params*],
      table.cell(align: center)[*Description*],
    ),

    [Jamming 4/6],
    [Jam4/6],
    [`slots`],
    [A network with 4 or 6 channels where a jammer interferes with a user's transmissions @KNPS18 @jammingExamplePaper.],

    [Aloha \ Backoff 3],
    [Aloha],
    [`D, bcmax, q`],
    [A wireless network with 3 users sending packets via the slotted ALOHA protocol @equilibriaBasedPMCForCSGs.],

    [Power \ Control 2],
    [Pow],
    [`emax, fail, powmax`],
    [A model of phones controlling their signal power in a cellular network @powerControlPaper @equilibriaBasedPMCForCSGs.],

    [IDS Simple],
    [IDS],
    [`K, rounds`],
    [A model of the interaction between an intrusion detection policy and an attacker @IDSPaper @KNPS18.],

    [Robot \ Coordination 2],
    [Robot],
    [`l, q`],
    [A model of two robots concurrently moving in a grid @equilibriaBasedPMCForCSGs.],

    [Public Good],
    [PubGood],
    [`einit, emax, f, kmax`],
    [A repeated public good game, a well-studied model in economics @prismGames.],

    [User \ Centric], [UserCent], [`K, td`], [A model of users cooperating in a network @KNPS18.],
  )
] <caseStudiesTable>

== Experimental Results for Model Construction
We first compare the performance of symbolic and explicit-state model construction, isolating the cost of constructing the transition system and reward structures.

Model construction involves parsing the input file, building the transition system and reward structures, and then performing reachability to filter out irrelevant states. The explicit-state implementation is the one described in @GabrielPhD and the symbolic implementation is the one described in @symbolicConstructionCSGs.

For larger instances, either implementation may run out of memory (denoted by `memout`).

#figure(caption: "Model Construction Results")[
  #show table.cell: set text(size: 10pt)
  #table(
    columns: (13%, 15%, auto, auto, auto, auto, auto, auto),
    table.header(
      table.cell(rowspan: 2)[*Case\ Study*],
      table.cell(rowspan: 2)[*Args.*],
      table.cell(rowspan: 2)[*States*],
      table.cell(colspan: 3)[*Symbolic*],
      table.cell(colspan: 2)[*Explicit*],
      [*ADD \ Nodes*], [*Cons. \ Time (s)*], [*Mem (MB)*],
      [*Cons. \ Time (s)*], [*Mem (MB)*],
    ),

    table.cell(rowspan: 3)[Jam4],
    [25], [5965], [8559], [*0.02*], [*131.7*], [1.52], [500.3],
    [50], [21915], [17031], [*0.03*], [*130.2*], [5.03], [784.0],
    [75], [47865], [28070], [*0.03*], [*130.3*], [11.89], [1249.4],
    table.cell(rowspan: 3)[Aloha],
    [5,3,0.8], [51200], [27970], [*0.10*], [*145.2*], [0.59], [376.2],
    [5,4,0.8], [227243], [41968], [*0.13*], [*144.5*], [2.04], [641.8],
    [5,6,0.8],
    [3725898],
    [63500],
    [*0.24*],
    [*158.1*],
    [#text(hyphenate: false)[memout]],
    [#text(hyphenate: false)[memout]],
    table.cell(rowspan: 3)[Pow],
    [50,0.1,50], [69386], [12642], [*0.10*], [*133.7*], [0.88], [535.8],
    [75,0.1,75], [245979], [25417], [*0.21*], [*138.2*], [2.53], [1037.3],
    [100,0.1,100],
    [604880],
    [39361],
    [*0.46*],
    [*145.7*],
    [#text(hyphenate: false)[memout]],
    [#text(hyphenate: false)[memout]],
    table.cell(rowspan: 3)[IDS],
    [10000,10000], [20001], [137], [1.90], [*137.1*], [*0.40*], [312.1],
    [20000,20000], [40001], [146], [6.97], [*146.6*], [*0.60*], [445.9],
    [40000,40000], [80001], [155], [25.99], [*167.3*], [*0.95*], [517.0],
    table.cell(rowspan: 2)[Robot],
    [10,0.1], [9802], [2149], [*0.02*], [*129.3*], [0.51], [339.1],
    [20,0.1],
    [159202],
    [2728],
    [*0.02*],
    [*130.5*],
    [#text(hyphenate: false)[memout]],
    [#text(hyphenate: false)[memout]],
    table.cell(rowspan: 3)[PubGood],
    [5,5,1,5], [1005], [13297], [*0.03*], [*131.5*], [0.30], [249.0],
    [10,10,1,10], [11457], [106657], [*0.19*], [*145.1*], [1.53], [465.9],
    [20,20,1,20],
    [112538],
    [759373],
    [*3.63*],
    [*267.6*],
    [#text(hyphenate: false)[memout]],
    [#text(hyphenate: false)[memout]],
    table.cell(rowspan: 2)[UserCent],
    [1,1], [1409], [NA], [#text(hyphenate: false)[memout]], [#text(hyphenate: false)[memout]], [*0.11*], [*210.9*],
    [2,2], [7825], [NA], [#text(hyphenate: false)[memout]], [#text(hyphenate: false)[memout]], [*0.29*], [*260.5*],
  )
] <model_creation_results>

@model_creation_results shows that symbolic model construction is almost always faster than the explicit-state approach and, in almost all cases, significantly more memory efficient. This behaviour is consistent with prior results for symbolic model checking of MDPs @DaveThesis and TSGs @symbolicVerificationTurnBasedStochasticGames. The main exception is the User-Centric case study, where the symbolic implementation runs out of memory on the tested instances. We believe this model is ill-suited to ADD representation because it produces a wide variety of probability values as complex functions of the state, resulting in sparse ADDs with little sharing.

The primary reason for the improved speed is that symbolic construction builds the transition system in a compositional manner using ADD operations, avoiding explicit enumeration of the state space. In addition, symbolic reachability extends the set of reachable states simultaneously across all states, whereas the explicit-state approach must iterate over states individually. The memory efficiency can be explained by the more compact representation of the transition system and sets used during reachability.

== Experimental Results for Model Checking
We now compare the performance of different complete implementations of the model checking algorithms, listed in @model_checking_variants. We report memory usage and the timing statistics described in @model_checking_time_stats.

#figure(caption: "CSG Model Checking Implementation Variants")[
  #set table(
    stroke: (x, y) => {
      if y == 0 { (bottom: 0.7pt + black) }
      if x < 2 { (right: 0.7pt + black) }
    },
  )
  #table(
    columns: (auto, 23%, auto),
    inset: 10pt,
    align: (left, left, left),
    table.header(
      table.cell(align: center)[*Type*],
      table.cell(align: center)[*Variant*],
      table.cell(align: center)[*Description*],
    ),
    table.cell(rowspan: 3)[LP-based],
    [Explicit], [The existing explicit-state implementation, described in @GabrielPhD.],
    [Explicit with \ Cache],
    [The explicit-state implementation augmented with a hash table that stores the minimax values of previously solved matrix games, avoiding repeated solves of the same game.],

    [Symbolic],
    [The symbolic model checking algorithm as described in @symbolicModelCheckingCSGs, which uses the hybrid minimax algorithm in @hybridVal to solve the matrix games.],
    table.cell(rowspan: 2)[Regret-based],
    [Explicit with \ Regret \ Matching],
    [The same explicit-state representation as the explicit-state implementation but with the discounted regret matching algorithm in @regretMatchingPrelim to solve the matrix games.],

    [Symbolic with \ Regret \ Matching],
    [The same symbolic representation as the symbolic implementation but with the symbolic regret matching algorithm in @symbolicRegretMatching to solve the matrix games.],
  )
]<model_checking_variants>

#figure(caption: "Model Checking Time Statistics")[
  #set table(
    stroke: (x, y) => {
      if y == 0 { (bottom: 0.7pt + black) }
      if x == 0 { (right: 0.7pt + black) }
    },
  )

  #table(
    columns: (30%, auto),
    align: (left, left),
    table.header(table.cell(align: center)[*Timing*], table.cell(align: center)[*Description*]),
    [Qualitative Time],
    [The time taken for qualitative checks, i.e. the pre-computation time for infinite horizon properties],

    [Quantitative Time], [The time taken for quantitative checks, i.e. the value iteration time],
    [Model Checking Time], [The total time taken for model checking, i.e. Qualitative Time + Quantitative Time],

    [Construction Time], [The time taken for model construction, as reported in @model_creation_results],

    [Total Time],
    [The total time taken for model construction and model checking, i.e. Construction Time + Model Checking Time],
  )
] <model_checking_time_stats>


The model checking algorithms are run on smaller test cases than in @model_creation_results since the model checking process is more computationally intensive.

Preliminary testing showed that regret matching was much slower, so we benchmark the LP and regret-matching variants at different scales.

For each case study and property, we try to select parameters such that the longest runtime among the compared variants is at least 5 seconds. The exception is the Jamming case study: beyond 23 slots, the linear programming solver fails with a numerical error when solving the matrix games.

We first consider the linear programming variants.

#figure(
  caption: "Comparison of Total Time and Memory Usage for LP-Based Model Checking Algorithms",
)[
  #show table.cell: set text(size: 10pt)
  #table(
    columns: (20%, 11%, 1fr, 1fr, 1fr, 1fr, 1fr, 1fr),
    table.header(
      table.cell(rowspan: 2)[*Case Study \ Prop ID \ Prop Type*],
      table.cell(rowspan: 2)[*Args*],
      table.cell(colspan: 2)[*Symbolic*],
      table.cell(colspan: 2)[*Explicit*],
      table.cell(colspan: 2)[*Explicit w Caching*],
      [*Total \ Time\ (s)*], [*Mem\ (MB)*],
      [*Total \ Time\ (s)*], [*Mem\ (MB)*],
      [*Total \ Time\ (s)*], [*Mem\ (MB)*],
    ),

    table.cell(rowspan: 2)[Jam4 Pr 1 \ `Pmax=? [F..]`],
    [10], [*0.07*], [*147.9*], [0.95], [347.7], [0.79], [354.7],
    [23], [*0.34*], [*178.4*], [5.43], [553.7], [5.05], [556.7],
    table.cell(rowspan: 2)[Jam6 Pr 1 \ `Pmax=? [F..]`],
    [10], [*0.08*], [*145.6*], [3.07], [566.4], [3.02], [569.4],
    [23], [*0.43*], [*176.7*], [25.86], [1286.8], [24.49], [1266.8],
    table.cell(rowspan: 2)[Jam6 Pr 2 \ `Rmax=? [F..]`],
    [10], [*0.38*], [*182.7*], [3.73], [581.6], [3.30], [590.6],
    [23], [*5.56*], [*369.9*], [23.59], [1282.5], [19.30], [1283.3],
    table.cell(rowspan: 2)[Aloha Pr 3 \ `Pmax=? [F..]`],
    [4,4,0.8], [*0.78*], [*186.5*], [4.49], [688.8], [4.49], [730.3],
    [5,4,0.8], [*0.93*], [*192.9*], [7.10], [882.0], [6.95], [844.2],
    table.cell(rowspan: 2)[Aloha Pr 1 \ `Rmin=? [F..]`],
    [2,2,0.8], [1.34], [*254.7*], [0.98], [345.4], [*0.94*], [348.6],
    [3,3,0.8], [9.49], [*352.1*], [*3.00*], [406.2], [6.32], [591.1],
    table.cell(rowspan: 2)[Robot Pr 1 \ `Pmax=? [..U..]`],
    [10,0.1], [*2.29*], [*312.9*], [4.83], [545.5], [4.61], [565.3],
    [13,0.1], [*9.23*], [*599.0*], [22.04], [764.8], [20.80], [737.2],
    table.cell(rowspan: 2)[Robot Pr 3 \ `Rmin=? [F..]`],
    [8,0.1], [2.83], [*302.9*], [*1.95*], [368.1], [1.97], [384.8],
    [10,0.1], [10.01], [*517.4*], [4.86], [573.9], [*4.43*], [548.0],
    table.cell(rowspan: 2)[IDS Pr 1 \ `Rmin=? [F..]`],
    [250,250], [2.11], [*269.9*], [3.37], [323.7], [*1.57*], [326.0],
    [500,500], [8.17], [*279.4*], [12.63], [349.9], [*5.15*], [354.0],
    table.cell(rowspan: 3)[IDS Pr 2 \ `Rmin=? [F..]`],
    [250,250], [*0.71*], [*220.7*], [2.96], [324.4], [1.01], [328.8],
    [500,500], [*2.48*], [*270.8*], [10.98], [347.7], [2.67], [350.9],
    [750,750], [5.44], [*270.1*], [26.91], [383.7], [*5.12*], [337.6],
  )] <model_checking_total_time_and_memory>


From @model_checking_total_time_and_memory, the symbolic algorithm uses less memory across all benchmarks. For all benchmarks that involve calculating a maximum/minimum probability, the symbolic algorithm is also faster. The memory improvement can be attributed to the more compact symbolic representation of sets and state vectors. The symbolic algorithm is also favoured for probabilistic properties. We hypothesise that this is because probabilistic properties tend to yield fewer distinct terminals, allowing ADDs to be more compact and efficient than in reward properties.

To better understand the source of the timing improvements, we broke down the total time into phases in @model_checking_constr_and_check and @model_checking_qual_and_quant in the Appendix. @model_checking_constr_and_check shows consistency with the model construction results: the symbolic implementation performs better in the model construction phase. From @model_checking_qual_and_quant, we see that the qualitative part runs much faster in the symbolic algorithm than the explicit-state algorithm. This accurately reflects the success of symbolic model checking in non-probabilistic settings, where qualitative algorithms are the main focus.

Thus, the symbolic algorithm is typically limited by its performance in the quantitative phase. @profiling investigates this bottleneck. However, there are some cases where the quantitative part of the symbolic algorithm performs better than the explicit-state implementation despite needing to convert between symbolic and explicit representations.

There are two main sources of these time savings. First, in the symbolic implementation, the entries of matrix $Z$ are computed for all states at once using `MVMult`, whereas the explicit implementations compute them state by state. Second, repeated matrix games are represented by the same ADD subtree, so their minimax values do not need to be recomputed. Comparison with the explicit-state cached implementation suggests that both effects contribute to the symbolic speed-ups: in some cases the symbolic implementation outperforms both explicit-state variants in the quantitative phase, while in others it outperforms only the uncached explicit-state implementation.

Overall, although explicit-state implementations are faster in some cases, the symbolic implementation often reduces memory usage and can improve runtime, especially on structure-heavy models with many repeated matrix games.

We now look at the regret matching variants.
#figure(
  caption: "Comparison of Regret-Based Model Checking Algorithms",
)[
  #show table.cell: set text(size: 10pt)
  #table(
    columns: (22%, 10%, auto, auto, auto, auto, auto, auto, auto, auto),

    inset: 10pt,
    align: horizon,

    table.header(
      table.cell(rowspan: 2)[*Case Study \ Prop ID \ Prop Type*],
      table.cell(rowspan: 2)[*Args*],
      table.cell(colspan: 4)[*Symbolic \ w Reg Matching*],
      table.cell(colspan: 4)[*Explicit \ w Reg Matching*],
      [*Qual \ Time\ (s)*], [*Quant Time\ (s)*], [#text(hyphenate: false)[*Total\ Time\ (s)*]], [*Mem\ (MB)*],
      [*Qual \ Time\ (s)*], [*Quant Time\ (s)*], [#text(hyphenate: false)[*Total\ Time\ (s)*]], [*Mem\ (MB)*],
    ),
    table.cell(rowspan: 2)[Jam4 Pr 1 \ `Pmax=? [F..]`],
    [10], [*0.00*], [29.38], [29.39], [*297.0*], [0.33], [*17.07*], [*17.85*], [463.0],
    [20], [*0.01*], [109.49], [109.52], [*318.4*], [2.06], [*74.47*], [*77.60*], [507.3],
    table.cell(rowspan: 2)[Jam6 Pr 1 \ `Pmax=? [F..]`],
    [10], [*0.00*], [*36.63*], [*36.65*], [*303.0*], [0.98], [39.92], [42.74], [554.2],
    [20], [*0.01*], [*138.96*], [*138.99*], [*316.7*], [9.21], [193.83], [209.70], [1063.5],
    table.cell(rowspan: 2)[Jam6 Pr 2 \ `Rmax=? [F..]`],
    [3], [*0.00*], [*0.70*], [*0.71*], [*135.9*], [0.05], [6.37], [6.79], [483.5],
    [4], [*0.00*], [*1.33*], [*1.34*], [*141.8*], [0.08], [15.66], [16.25], [468.8],
    table.cell(rowspan: 2)[Aloha Pr 3 \ `Pmax=? [F..]`],
    [2,2,0.8], [0.24], [0.83], [1.13], [*146.8*], [*0.21*], [*0.12*], [*0.47*], [340.1],
    [3,2,0.8], [*0.21*], [55.15], [55.42], [*310.6*], [0.28], [*0.45*], [*0.93*], [432.4],
    table.cell(rowspan: 2)[Robot Pr 1 \ `Pmax=? [..U..]`],
    [3,0.1], [*0.00*], [2.40], [2.42], [*162.9*], [0.02], [*0.51*], [*0.56*], [361.8],
    [4,0.1], [*0.00*], [9.66], [9.68], [*174.5*], [0.14], [*3.22*], [*3.50*], [389.1],
    table.cell(rowspan: 2)[Robot Pr 3 \ `Rmin=? [F..]`],
    [2,0.1], [*0.00*], [*0.00*], [*0.02*], [*129.9*], [0.01], [0.06], [0.09], [169.1],
    [3,0.1], [*0.00*], [27.64], [27.66], [*289.7*], [0.01], [*0.61*], [*0.66*], [357.7],
    table.cell(rowspan: 2)[IDS Pr 1 \ `Rmin=? [F..]`],
    [3,3], [*0.00*], [34.87], [34.88], [*298.0*], [0.01], [*1.92*], [*1.94*], [359.6],
    [4,4], [*0.00*], [53.48], [53.50], [*292.4*], [0.01], [*3.35*], [*3.38*], [337.9],
    table.cell(rowspan: 2)[IDS Pr 2 \ `Rmin=? [F..]`],
    [3,3], [*0.00*], [14.27], [14.28], [*284.9*], [0.01], [*0.70*], [*0.73*], [345.8],
    [4,4], [*0.00*], [18.94], [18.96], [*286.6*], [0.01], [*0.82*], [*0.84*], [337.4],
  )] <model_checking_total_time_and_memory_regret_matching>

We do not focus on model construction time here since model construction time is negligible for these smaller benchmarks.

Similar to the LP-based variants, symbolic regret matching uses significantly less memory than its explicit-state counterpart. However, its execution time is substantially slower in most cases. This is likely because iterative regret updates produce many distinct payoff values across states, which prevents effective ADD sharing and results in large, sparse decision diagrams that are costly to manipulate. In contrast, the explicit-state approach evaluates only one matrix at a time, which is much more efficient.

Although a purely symbolic approach via regret matching is conceptually appealing, it is currently not competitive for model checking CSGs.

== Profiling <profiling>
Profiling of the hybrid symbolic model checking algorithm across multiple case studies reveals that when the symbolic implementation runs significantly slower, ADD operations appear to be the main bottleneck.

We use `async-profiler` @asyncProfiler, a sampling profiler that tracks both Java and native stack frames, allowing us to capture time spent in both Java and native CUDD code. We analyse its flame graph output, which visualises call stacks and time spent in each method. We only track CPU time rather than wall time to prevent interference by other processes running on the machine.

While this section is presented after the methodology and experimental results, profiling was used to guide optimisation of the implementation. For example, it identified the need to reserve sufficient space for the hashmaps used in @hybridAlgorithm to avoid costly resizing operations, which was a major bottleneck in early versions of the implementation. The flame graphs presented here reflect the final implementation.

@flame_graph_symbolic_aloha3p1 and @flame_graph_symbolic_robot3p3 are flame graphs from model checking the largest parameters of the two least favourable benchmarked properties from @model_checking_total_time_and_memory. These are the first property of 'Aloha Backoff 3' (`<<usr1>>R{"time"}min=?[F s1=3]`) and the third property of 'Robot Coordination 2' (`<<robot1>>R{"time1"}min=? [F "goal1"]`).

#figure(caption: "Flame Graph for Symbolic Model Checking of Aloha Backoff 3 Property 1")[
  #image("img/AnnotatedAlohaBackoff3Prop1_MTBDD.png")
] <flame_graph_symbolic_aloha3p1>

#figure(caption: "Flame Graph for Symbolic Model Checking of Robot Coordination 2 Property 3")[
  #image("img/AnnotatedRobotProp3_MTBDD.png")
] <flame_graph_symbolic_robot3p3>

Each flame graph can be divided roughly into five main regions.
#figure(caption: "Sections of the Flame Graph for Symbolic Model Checking Executions")[
  #set table(
    stroke: (x, y) => {
      if y == 0 { (bottom: 0.7pt + black) }
      if x == 0 { (right: 0.7pt + black) }
    },
  )

  #table(
    columns: (20%, auto),
    inset: 10pt,
    align: (center, left),
    // per-column alignment: col1 center, col2 left

    table.header([*Section*], table.cell(align: center)[*Description*]),
    [A], [Time spent outside the main thread, particularly on garbage collection.],
    [B],
    [Time spent doing symbolic operations like `MVMult` and `ReplaceVars`, which are used to construct `Z` symbolically for all states.],

    [C],
    [Time within hybrid `Val` not doing LP solving: pre-processing, building each distinct matrix game represented by a relevant sub-ADD of `Z` and rebuilding the ADD after solving the matrix game.],

    [D], [Time spent building the linear program for each matrix game and solving it with the LP solver.],
    [Unlabelled], [The rest of the time, including model construction],
  )
]

We can observe that in these cases, the ADD operations in region B, together with the `IfThenElse` pre-processing step for `Val`, account for most of the runtime.

These results indicate that the translation between the symbolic representation and the explicit matrix games in @hybridAlgorithm is not a major bottleneck for these test cases, as the time taken to build the matrix games and to rebuild the ADDs after solving the matrix games is relatively small in both cases.

Improving performance further will likely require reducing the cost of ADD operations, for example through better variable orderings or a `Val` procedure that does not require action variables to appear at the bottom of the ADD.

= Conclusion
In this thesis, we have developed algorithms and an implementation of a symbolic model checking approach for CSGs. To the best of our knowledge, this is the first symbolic model checking algorithm for CSGs.

We have shown that the proposed hybrid model checking algorithm can outperform the existing explicit-state approach implemented in PRISM-games in terms of both memory usage and, in many cases, runtime across a range of representative case studies. These results demonstrate that symbolic techniques, which have been highly successful for other probabilistic models, can also be effectively applied to two-coalition zero-sum CSG model checking.

In addition, we have presented and evaluated a fully symbolic model checking algorithm based on symbolic discounted regret matching. While this approach is algorithmically well-founded and conceptually appealing, our experimental results indicate that it is currently less practical than the hybrid alternative. Nevertheless, it provides an important step towards fully symbolic minimax computation for CSGs and highlights several promising directions for further optimisation.

Finally, through detailed profiling of our implementation, we have identified that in poorly performing benchmarks, the primary performance bottleneck is ADD operations rather than the translation between symbolic and explicit representations. This insight provides clear guidance for future work aimed at improving the scalability and performance of symbolic verification for CSGs.

== Further Work
First, we have restricted our focus to a subset of the full rPATL logic for CSGs. In particular, we have not considered properties involving more than two coalitions, general-sum objectives or multi-objective properties. While existing explicit-state techniques for some of these extensions have been explored in the literature @correlatedEquilibriaAndFairnessInCSGs, it remains an open question how effectively they can be adapted to a symbolic setting.

Next, our implementation explicitly avoids multi-threading to provide a fair comparison with the single-threaded implementation of the explicit-state approach. However, there are many opportunities to parallelise both algorithmic approaches. It is particularly interesting to consider multi-threaded decision diagram libraries like Sylvan @SylvanDD and OxiDD @oxidd24. Future work could therefore optimise both approaches for multi-threading and compare their performance.

Another important direction for future work is strategy synthesis. Although the algorithms developed in this thesis compute information from which optimal or near-optimal strategies may be derived, additional work is required to extract and present these strategies in a form suitable for practical use.

There is also considerable scope for improving the regret-matching-based symbolic approach. Regret minimisation continues to be an active area of research, with several recent algorithmic variants proposed in the literature @scalaInvariantRM. Investigating symbolic versions of these approaches, and comparing them empirically with discounted regret matching, is a promising avenue for future research.

Finally, symbolic model checking could be extended to richer variants of CSGs, such as robust CSGs @robustCSGs, which explicitly model uncertainty in transition probabilities. Extending symbolic techniques to these models would further broaden the applicability of formal verification for complex multi-agent systems.

#extra[
  For both the explicit and symbolic approaches, our stopping criterion for value iteration uses a fixed threshold and provides no guarantees on computed error bounds. Future work could incorporate existing techniques @grobelna2025stoppingcriteriavalueiteration for determining more principled stopping criteria.
]
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= Appendix
#figure(
  caption: "Comparison of Construction and Checking Times for LP-Based Model Checking Algorithms",
)[
  #show table.cell: set text(size: 10pt)
  #table(
    columns: (20%, 12%, 1fr, 1fr, 1fr, 1fr, 1fr, 1fr),
    table.header(
      table.cell(rowspan: 2)[*Case Study \ Prop ID \ Prop Type*],
      table.cell(rowspan: 2)[*Args*],
      table.cell(colspan: 2)[*Symbolic*],
      table.cell(colspan: 2)[*Explicit*],
      table.cell(colspan: 2)[*Explicit w Caching*],
      [*Cons. \ Time\ (s)*], [*Check Time\ (s)*],
      [*Cons. \ Time\ (s)*], [*Check Time\ (s)*],
      [*Cons. \ Time\ (s)*], [*Check Time\ (s)*],
    ),

    table.cell(rowspan: 2)[Jam4 Pr 1 \ `Pmax=? [F..]`],
    [10], [*0.01*], [*0.05*], [0.47], [0.48], [0.40], [0.39],
    [23], [*0.02*], [*0.33*], [1.22], [4.21], [1.23], [3.82],
    table.cell(rowspan: 2)[Jam6 Pr 1 \ `Pmax=? [F..]`],
    [10], [*0.01*], [*0.06*], [1.72], [1.35], [1.77], [1.25],
    [23], [*0.02*], [*0.42*], [8.09], [17.77], [7.87], [16.62],
    table.cell(rowspan: 2)[Jam6 Pr 2 \ `Rmax=? [F..]`],
    [10], [*0.01*], [*0.37*], [1.73], [2.01], [1.74], [1.56],
    [23], [*0.02*], [*5.54*], [8.04], [15.55], [8.08], [11.22],
    table.cell(rowspan: 2)[Aloha Pr 3 \ `Pmax=? [F..]`],
    [4,4,0.8], [*0.12*], [*0.66*], [1.44], [3.05], [1.41], [3.08],
    [5,4,0.8], [*0.12*], [*0.81*], [1.96], [5.15], [1.92], [5.03],
    table.cell(rowspan: 2)[Aloha Pr 1 \ `Rmin=? [F..]`],
    [2,2,0.8], [*0.06*], [1.28], [0.15], [0.83], [0.16], [*0.78*],
    [3,3,0.8], [*0.09*], [9.40], [0.40], [*2.60*], [0.39], [5.93],
    table.cell(rowspan: 2)[Robot Pr 1 \ `Pmax=? [..U..]`],
    [10,0.1], [*0.01*], [*2.28*], [0.51], [4.32], [0.50], [4.11],
    [13,0.1], [*0.02*], [*9.21*], [1.21], [20.82], [1.17], [19.63],
    table.cell(rowspan: 2)[Robot Pr 3 \ `Rmin=? [F..]`],
    [8,0.1], [*0.01*], [2.81], [0.30], [*1.65*], [0.28], [1.70],
    [10,0.1], [*0.01*], [10.00], [0.49], [4.37], [0.56], [*3.87*],
    table.cell(rowspan: 2)[IDS Pr 1 \ `Rmin=? [F..]`],
    [250,250], [*0.02*], [2.09], [0.05], [3.32], [0.05], [*1.52*],
    [500,500], [*0.03*], [8.13], [0.08], [12.55], [0.07], [*5.08*],
    table.cell(rowspan: 3)[IDS Pr 2 \ `Rmin=? [F..]`],
    [250,250], [*0.02*], [*0.69*], [0.05], [2.91], [0.05], [0.96],
    [500,500], [*0.03*], [*2.45*], [0.07], [10.91], [0.07], [2.60],
    [750,750], [*0.04*], [5.40], [0.12], [26.79], [0.09], [*5.03*],
  )] <model_checking_constr_and_check>

#figure(
  caption: "Comparison of Qualitative and Quantitative Times for LP-Based Model Checking Algorithms",
)[
  #show table.cell: set text(size: 10pt)
  #table(
    columns: (20%, 12%, 1fr, 1fr, 1fr, 1fr, 1fr, 1fr),
    table.header(
      table.cell(rowspan: 2)[*Case Study \ Prop ID \ Prop Type*],
      table.cell(rowspan: 2)[*Args*],
      table.cell(colspan: 2)[*Symbolic*],
      table.cell(colspan: 2)[*Explicit*],
      table.cell(colspan: 2)[*Explicit w Caching*],
      [*Qual \ Time\ (s)*], [*Quant Time\ (s)*],
      [*Qual \ Time\ (s)*], [*Quant Time\ (s)*],
      [*Qual \ Time\ (s)*], [*Quant Time\ (s)*],
    ),

    table.cell(rowspan: 2)[Jam4 Pr 1 \ `Pmax=? [F..]`],
    [10], [*0.00*], [*0.05*], [0.32], [0.15], [0.29], [0.11],
    [23], [*0.02*], [*0.31*], [3.20], [1.01], [3.19], [0.63],
    table.cell(rowspan: 2)[Jam6 Pr 1 \ `Pmax=? [F..]`],
    [10], [*0.00*], [*0.06*], [0.91], [0.44], [0.88], [0.37],
    [23], [*0.02*], [*0.40*], [15.00], [2.77], [14.66], [1.96],
    table.cell(rowspan: 2)[Jam6 Pr 2 \ `Rmax=? [F..]`],
    [10], [*0.00*], [*0.37*], [0.41], [1.59], [0.40], [1.16],
    [23], [*0.00*], [*5.54*], [3.45], [12.10], [3.45], [7.77],
    table.cell(rowspan: 2)[Aloha Pr 3 \ `Pmax=? [F..]`],
    [4,4,0.8], [*0.05*], [0.62], [2.77], [*0.28*], [2.75], [0.33],
    [5,4,0.8], [*0.05*], [0.76], [4.62], [*0.52*], [4.48], [0.55],
    table.cell(rowspan: 2)[Aloha Pr 1 \ `Rmin=? [F..]`],
    [2,2,0.8], [*0.02*], [1.27], [0.13], [0.70], [0.14], [*0.64*],
    [3,3,0.8], [*0.03*], [9.37], [0.41], [*2.19*], [0.44], [5.49],
    table.cell(rowspan: 2)[Robot Pr 1 \ `Pmax=? [..U..]`],
    [10,0.1], [*0.15*], [2.12], [3.61], [0.71], [3.44], [*0.67*],
    [13,0.1], [*0.41*], [8.80], [18.67], [2.15], [17.99], [*1.64*],
    table.cell(rowspan: 2)[Robot Pr 3 \ `Rmin=? [F..]`],
    [8,0.1], [*0.00*], [2.81], [0.19], [*1.46*], [0.20], [1.50],
    [10,0.1], [*0.00*], [10.00], [0.49], [3.87], [0.49], [*3.39*],
    table.cell(rowspan: 2)[IDS Pr 1 \ `Rmin=? [F..]`],
    [250,250], [*0.01*], [2.08], [0.29], [3.03], [0.28], [*1.24*],
    [500,500], [*0.01*], [8.12], [0.79], [11.76], [0.81], [*4.27*],
    table.cell(rowspan: 3)[IDS Pr 2 \ `Rmin=? [F..]`],
    [250,250], [*0.01*], [*0.68*], [0.28], [2.62], [0.28], [*0.68*],
    [500,500], [*0.01*], [2.44], [0.84], [10.07], [0.85], [*1.75*],
    [750,750], [*0.02*], [5.38], [1.88], [24.91], [1.63], [*3.40*],
  )] <model_checking_qual_and_quant>



		Name		Mode		Constants		States		Transitions		Trans_Matrix_Nodes		Construction_Time_Avg		Construction_Time_Std		Max_Memory_KB		Max_Memory_KB_Std		Runs		Error

		Jamming 4 (small)		MTBDD		slots=25		5965		740556		8559		0.018333333333333333		0.0005773502691896262		134846		1755.8147206733784		3		

		Jamming 4 (small)		Explicit		slots=25		5965		740556				1.5150000000000001		0.056204981985585614		512312		11651.776173614047		3		

		Jamming 4 (medium)		MTBDD		slots=50		21915		2922956		17031		0.026		0.0043588989435406735		133369		37.80652501002087		3		

		Jamming 4 (medium)		Explicit		slots=50		21915		2922956				5.033333333333333		0.040501028793517545		802781		59213.64063569587		3		

		Jamming 4 (big)		MTBDD		slots=75		47865		6545356		28070		0.030333333333333334		0.0005773502691896262		133380		1074.526872628135		3		

		Jamming 4 (big)		Explicit		slots=75		47865		6545356				11.891666666666666		0.33670808326105467		1279386		3728.0715300719935		3		

		Aloha Backoff 3 (small)		MTBDD		bcmax=3,D=5,q=0.8		51200		128077		27970		0.09933333333333333		0.003214550253664313		148724		2385.6001341381584		3		

		Aloha Backoff 3 (small)		Explicit		bcmax=3,D=5,q=0.8		51200		128077				0.5913333333333333		0.012503332889007379		385256		4338.943650244838		3		

		Aloha Backoff 3 (medium)		MTBDD		bcmax=4,D=5,q=0.8		227243		730689		41968		0.126		0.0010000000000000009		147934		386.4988141422084		3		

		Aloha Backoff 3 (medium)		Explicit		bcmax=4,D=5,q=0.8		227243		730689				2.0363333333333333		0.006658328118479427		657217		17496.53055132169		3		

		Aloha Backoff 3 (big)		MTBDD		bcmax=6,D=5,q=0.8		3725898		19010873		63500		0.24266666666666667		0.0005773502691896262		161905		237.39699520704414		3		

		Aloha Backoff 3 (big)		Explicit		bcmax=6,D=5,q=0.8																0		Command failed with exit code 1

		Power Control 2 (small)		MTBDD		powmax=50,emax=50,fail=0.1		69386		593506		12642		0.09866666666666667		0.008144527815247077		136952		1133.539589074859		3		

		Power Control 2 (small)		Explicit		powmax=50,emax=50,fail=0.1		69386		593506				0.8763333333333333		0.07159841711471933		548620		11166.984910887988		3		

		Power Control 2 (medium)		MTBDD		powmax=75,emax=75,fail=0.1		245979		2143663		25417		0.20833333333333334		0.012741009902410923		141468		596.6439474259334		3		

		Power Control 2 (medium)		Explicit		powmax=75,emax=75,fail=0.1		245979		2143663				2.528		0.059152345684681126		1062172		13760.964501080583		3		

		Power Control 2 (big)		MTBDD		powmax=100,emax=100,fail=0.1		604880		5316108		39361		0.4553333333333333		0.01950213663508009		149201		448.7374882192631		3		

		Power Control 2 (big)		Explicit		powmax=100,emax=100,fail=0.1																0		Command failed with exit code 1

		IDS Simple (small)		MTBDD		rounds=10000,K=10000		20001		79998		137		1.9023333333333334		0.03590728802532065		140425		972.8830008450827		3		

		IDS Simple (small)		Explicit		rounds=10000,K=10000		20001		79998				0.40099999999999997		0.027730849247724086		319553		4627.535557219775		3		

		IDS Simple (medium)		MTBDD		rounds=20000,K=20000		40001		159998		146		6.973333333333334		0.14992109035533763		150102		2020.3220865330688		3		

		IDS Simple (medium)		Explicit		rounds=20000,K=20000		40001		159998				0.6033333333333334		0.05558177159225254		456652		11300.756080900073		3		

		IDS Simple (big)		MTBDD		rounds=40000,K=40000		80001		319998		155		25.994666666666667		0.18336393683964486		171336		588.5847432613251		3		

		IDS Simple (big)		Explicit		rounds=40000,K=40000		80001		319998				0.9533333333333334		0.021221058723195962		529393		4177.841228832582		3		

		Robot Coordination 2 (small)		MTBDD		q=0.1,l=10		9802		549130		2149		0.019				132386		297.19578283235		3		

		Robot Coordination 2 (small)		Explicit		q=0.1,l=10		9802		549130				0.508		0.024576411454889036		347273		4246.572892737547		3		

		Robot Coordination 2 (medium)		MTBDD		q=0.1,l=20		159202		10765010		2728		0.024		0.0010000000000000009		133592		579.2823145928072		3		

		Robot Coordination 2 (medium)		Explicit		q=0.1,l=20																0		Command failed with exit code 1

		Public Good (small)		MTBDD		kmax=5,emax=5,einit=5,f=1		1005		17301		13297		0.032		0.0010000000000000009		134638		787.871393904699		3		

		Public Good (small)		Explicit		kmax=5,emax=5,einit=5,f=1		1005		17301				0.30333333333333334		0.017925772879665017		254946		2535.032412679044		3		

		Public Good (medium)		MTBDD		kmax=10,emax=10,einit=10,f=1		11457		243465		106657		0.186		0.006244997998398403		148550		131.71686806682482		3		

		Public Good (medium)		Explicit		kmax=10,emax=10,einit=10,f=1		11457		243465				1.528		0.07778817390837758		477125		5118.256473969757		3		

		Public Good (big)		MTBDD		kmax=20,emax=20,einit=20,f=1		112538		2616866		759373		3.6293333333333333		0.8512492780222098		273997		1884.617025640311		3		

		Public Good (big)		Explicit		kmax=20,emax=20,einit=20,f=1																0		Command failed with exit code 1

		User Centric (small)		MTBDD		K=1,td=1																0		Command failed with exit code 1

		User Centric (small)		Explicit		K=1,td=1		1409		4483				0.10500000000000001		0.008717797887081347		215990		7906.8237196318805		3		

		User Centric (medium)		MTBDD		K=2,td=2																0		Command failed with exit code 1

		User Centric (medium)		Explicit		K=2,td=2		7825		26744				0.28700000000000003		0.02022374841615667		266778		4462.683198853951		3		




		Name		Mode		Prop		Constants		Results		States		Transitions		ConstructionTimeAvg		ConstructionTimeStd		PrecompTime		CheckTimeAvg		CheckTimeStd		Max_Memory_KB		Max_Memory_KB_Std		Runs		Error

		Jamming 4: <<user>> Pmax=? [ F sent>=slots/2 ] (Small)		MTBDD		1		slots=10		0.787680648343		1195		122316		0.014333333333333333		0.0005773502691896253		0.004333333333333333		0.051666666666666666		0.004163331998932265		151417		1366.3986729111432		3		

		Jamming 4: <<user>> Pmax=? [ F sent>=slots/2 ] (Small)		Exp w Cache		1		slots=10		0.787680648343		1195		122316		0.3993333333333333		0.015947831618540898		0.288		0.393		0.009539392014169465		363184		2956.833441369331		3		

		Jamming 4: <<user>> Pmax=? [ F sent>=slots/2 ] (Small)		Explicit		1		slots=10		0.787680648343		1195		122316		0.4686666666666667		0.045014812376964704		0.32466666666666666		0.4766666666666667		0.03652852766446156		356028		4317.167589983043		3		

		Jamming 4: <<user>> Pmax=? [ F sent>=slots/2 ] (Medium)		MTBDD		1		slots=23		0.622998756964		5121		628172		0.01633333333333333		0.002081665999466132		0.015333333333333334		0.32866666666666666		0.017156145643277013		182701		2130.664997913406		3		

		Jamming 4: <<user>> Pmax=? [ F sent>=slots/2 ] (Medium)		Exp w Cache		1		slots=23		0.622998756964		5121		628172		1.233		0.007937253933193738		3.188		3.820666666666667		0.02025668613898471		570012		11813.79803450186		3		

		Jamming 4: <<user>> Pmax=? [ F sent>=slots/2 ] (Medium)		Explicit		1		slots=23		0.622998756964		5121		628172		1.2206666666666668		0.023072349974229675		3.1999999999999997		4.211666666666667		0.01767295485574874		566990		15822.305436734981		3		

		Jamming 6: <<user>> Pmax=? [ F sent>=slots/2 ] (Small)		MTBDD		1		slots=10		0.787680648343		2389		867512		0.013666666666666667		0.0005773502691896262		0.004333333333333333		0.062		0.001732050807568879		149128		436.93477774148397		3		

		Jamming 6: <<user>> Pmax=? [ F sent>=slots/2 ] (Small)		Exp w Cache		1		slots=10		0.787680648343		2389		867512		1.767		0.06194352266379435		0.882		1.2506666666666666		0.02182506204649442		583029		7378.622454993434		3		

		Jamming 6: <<user>> Pmax=? [ F sent>=slots/2 ] (Small)		Explicit		1		slots=10		0.787680648343		2389		867512		1.7226666666666666		0.03225419869308999		0.9093333333333333		1.347		0.006928203230275516		579992		5058.494637735618		3		

		Jamming 6: <<user>> Pmax=? [ F sent>=slots/2 ] (Medium)		MTBDD		1		slots=23		0.622998756964		10241		4462584		0.016333333333333335		0.0005773502691896262		0.017666666666666667		0.41666666666666663		0.014224392195567925		180893		1231.5150560725326		3		

		Jamming 6: <<user>> Pmax=? [ F sent>=slots/2 ] (Medium)		Exp w Cache		1		slots=23		0.622998756964		10241		4462584		7.867333333333334		0.08696167738339285		14.661333333333333		16.624333333333333		0.22052966542697452		1297168		9530.33808424444		3		

		Jamming 6: <<user>> Pmax=? [ F sent>=slots/2 ] (Medium)		Explicit		1		slots=23		0.622998756964		10241		4462584		8.089666666666666		0.12564367605786375		15.001		17.775		0.24736814669637555		1317645		10579.609318558665		3		

		Jamming 6:<<user>> R{"rew"}max=? [ F t=slots+1 ] (Small)		MTBDD		2		slots=10		5.298438198048		2389		867512		0.013				0.0023333333333333335		0.369		0.016822603841260737		187049		2130.1242530268823		3		

		Jamming 6:<<user>> R{"rew"}max=? [ F t=slots+1 ] (Small)		Exp w Cache		2		slots=10		5.298438198048		2389		867512		1.7386666666666668		0.03614323357605585		0.4013333333333333		1.5613333333333332		0.03212994449626913		604818		13867.635607173032		3		

		Jamming 6:<<user>> R{"rew"}max=? [ F t=slots+1 ] (Small)		Explicit		2		slots=10		5.298438198048		2389		867512		1.728		0.0286181760425083		0.41233333333333333		2.006666666666667		0.12893926218702106		595564		20170.169260568935		3		

		Jamming 6:<<user>> R{"rew"}max=? [ F t=slots+1 ] (Medium)		MTBDD		2		slots=23		12.001736132223998		10241		4462584		0.016666666666666666		0.0015275252316519466		0.004		5.539		0.06550572494064913		378770		2450.956819965079		3		

		Jamming 6:<<user>> R{"rew"}max=? [ F t=slots+1 ] (Medium)		Exp w Cache		2		slots=23		12.001736132224		10241		4462584		8.079		0.26977953962448675		3.447		11.222		0.2076367019580114		1314074		6399.045345466254		3		

		Jamming 6:<<user>> R{"rew"}max=? [ F t=slots+1 ] (Medium)		Explicit		2		slots=23		12.001736132224		10241		4462584		8.037333333333333		0.25535922410074297		3.449		15.549333333333333		0.11140167563072499		1313248		9507.982330652492		3		

		Aloha Backoff 3: <<usr1>>Pmax=?[F (s1=3 & t<=D)] (Small)		MTBDD		3		bcmax=4,D=4,q=0.8		0.5915240394296941		163722		507363		0.11766666666666667		0.004725815626252605		0.04766666666666667		0.6646666666666667		0.004041451884327384		190949		4436.745353672367		3		

		Aloha Backoff 3: <<usr1>>Pmax=?[F (s1=3 & t<=D)] (Small)		Exp w Cache		3		bcmax=4,D=4,q=0.8		0.5915240394296941		163722		507363		1.4126666666666667		0.026388128644019758		2.748666666666667		3.077		0.06894200461257273		747861		48104.130772038		3		

		Aloha Backoff 3: <<usr1>>Pmax=?[F (s1=3 & t<=D)] (Small)		Explicit		3		bcmax=4,D=4,q=0.8		0.5915240394296941		163722		507363		1.44		0.01539480431834068		2.7743333333333333		3.0516666666666667		0.04534681172181053		705300		13384.193064955392		3		

		Aloha Backoff 3: <<usr1>>Pmax=?[F (s1=3 & t<=D)] (Medium)		MTBDD		3		bcmax=4,D=5,q=0.8		0.6961065478721854		227243		730689		0.12033333333333333		0.0005773502691896262		0.05433333333333333		0.8106666666666666		0.004509249752822845		197497		3720.0372757989044		3		

		Aloha Backoff 3: <<usr1>>Pmax=?[F (s1=3 & t<=D)] (Medium)		Exp w Cache		3		bcmax=4,D=5,q=0.8		0.6961065478721854		227243		730689		1.924		0.018193405398660236		4.482666666666667		5.029333333333334		0.06747098141670474		864484		50208.98676531921		3		

		Aloha Backoff 3: <<usr1>>Pmax=?[F (s1=3 & t<=D)] (Medium)		Explicit		3		bcmax=4,D=5,q=0.8		0.6961065478721854		227243		730689		1.9563333333333333		0.0281839197652373		4.624		5.1450000000000005		0.03675595189897843		903125		12796.424709008894		3		

		Aloha Backoff 3: <<usr1>>R{"time"}min=?[F s1=3] (Small)		MTBDD		1		bcmax=2,D=2,q=0.8		4.554330916955639		6083		12034		0.058333333333333334		0.0005773502691896222		0.016		1.283		0.011135528725660053		260790		2480.2978315785654		3		

		Aloha Backoff 3: <<usr1>>R{"time"}min=?[F s1=3] (Small)		Exp w Cache		1		bcmax=2,D=2,q=0.8		4.554335427254742		6083		12034		0.159		0.015099668870541498		0.137		0.7776666666666666		0.03061590000854672		356930		12529.250469734146		3		

		Aloha Backoff 3: <<usr1>>R{"time"}min=?[F s1=3] (Small)		Explicit		1		bcmax=2,D=2,q=0.8		4.554335427254742		6083		12034		0.14933333333333332		0.004041451884327384		0.13166666666666668		0.827		0.05894913061275797		353700		5818.2925330375065		3		

		Aloha Backoff 3: <<usr1>>R{"time"}min=?[F s1=3] (Medium)		MTBDD		1		bcmax=3,D=3,q=0.8		4.896965706701518		30604		73979		0.087		0.004358898943540669		0.034333333333333334		9.401		0.753818943778942		360582		2906.371850492179		3		

		Aloha Backoff 3: <<usr1>>R{"time"}min=?[F s1=3] (Medium)		Exp w Cache		1		bcmax=3,D=3,q=0.8		4.896965171589962		30604		73979		0.39033333333333337		0.016165807537309534		0.441		5.931333333333333		0.05081666393353035		605264		23651.5518306939		3		

		Aloha Backoff 3: <<usr1>>R{"time"}min=?[F s1=3] (Medium)		Explicit		1		bcmax=3,D=3,q=0.8		4.896972391548229		30604		73979		0.3983333333333334		0.00763762615825974		0.40900000000000003		2.5993333333333335		0.11043701070444321		415942		3840.8693460378645		3		

		Robot Coordination: <<robot1>>Pmax=? [ !"crash" U "goal1" ] (Medium)		MTBDD		1		q=0.1,l=10		0.968441772382		9802		549130		0.015				0.15466666666666667		2.2756666666666665		0.0985714630779788		320453		9496.759306907454		3		

		Robot Coordination: <<robot1>>Pmax=? [ !"crash" U "goal1" ] (Medium)		Exp w Cache		1		q=0.1,l=10		0.968441772382		9802		549130		0.49966666666666665		0.014640127503998512		3.435		4.108666666666666		0.13407584917998228		578881		18313.12418276394		3		

		Robot Coordination: <<robot1>>Pmax=? [ !"crash" U "goal1" ] (Medium)		Explicit		1		q=0.1,l=10		0.968441772382		9802		549130		0.506		0.026907248094147445		3.607		4.319333333333334		0.17350024015353238		558592		14476.622810586729		3		

		Robot Coordination: <<robot1>>Pmax=? [ !"crash" U "goal1" ] (Large)		MTBDD		1		q=0.1,l=13		0.972194438446036		28225		1726645		0.015333333333333332		0.0005773502691896262		0.411		9.213666666666667		0.2208174208103462		613398		20374.331432793893		3		

		Robot Coordination: <<robot1>>Pmax=? [ !"crash" U "goal1" ] (Large)		Exp w Cache		1		q=0.1,l=13		0.9721944384459998		28225		1726645		1.1723333333333334		0.00461880215351701		17.986		19.631		0.5590670800539048		754869		3320.58870282565		3		

		Robot Coordination: <<robot1>>Pmax=? [ !"crash" U "goal1" ] (Large)		Explicit		1		q=0.1,l=13		0.972194438446		28225		1726645		1.2113333333333334		0.04454585652261422		18.673		20.825		0.33245150022221365		783164		38436.09886551964		3		

		Robot Coordination: <<robot1>>R{"time1"}min=? [ F "goal1" ] (Small)		MTBDD		3		q=0.1,l=8		8.885044498944		3970		201650		0.011666666666666667		0.0005773502691896262		0.0023333333333333335		2.8133333333333335		0.03661056313870821		310165		4248.542965927652		3		

		Robot Coordination: <<robot1>>R{"time1"}min=? [ F "goal1" ] (Small)		Exp w Cache		3		q=0.1,l=8		8.88504484488		3970		201650		0.277		0.01299999999999998		0.2		1.6953333333333334		0.12813014217323468		394041		2961.378958075669		3		

		Robot Coordination: <<robot1>>R{"time1"}min=? [ F "goal1" ] (Small)		Explicit		3		q=0.1,l=8		8.88504484488		3970		201650		0.297		0.009643650760992963		0.18933333333333333		1.652		0.08207313811473273		376910		3857.6372734270044		3		

		Robot Coordination: <<robot1>>R{"time1"}min=? [ F "goal1" ] (Medium)		MTBDD		3		q=0.1,l=10		11.018009105472		9802		549130		0.014666666666666666		0.0005773502691896253		0.0023333333333333335		9.998		0.0892860571421981		529781		4734.355007108501		3		

		Robot Coordination: <<robot1>>R{"time1"}min=? [ F "goal1" ] (Medium)		Exp w Cache		3		q=0.1,l=10		11.018009105472		9802		549130		0.5606666666666666		0.05744852768638489		0.48566666666666664		3.872666666666667		0.10042078138181018		561182		2906.9360731418456		3		

		Robot Coordination: <<robot1>>R{"time1"}min=? [ F "goal1" ] (Medium)		Explicit		3		q=0.1,l=10		11.018009105472		9802		549130		0.495		0.010583005244258372		0.49066666666666664		4.365333333333333		0.14809568978648022		587638		12722.157259416868		3		

		IDS Simple: <<policy>> R{"damage"}min=? [F r=rounds ] (Small)		MTBDD		1		rounds=250,K=250		213.76190476562286		501		1998		0.019		0.0026457513110645895		0.006333333333333333		2.087666666666667		0.02112660250332122		276364		2373.7801077606155		3		

		IDS Simple: <<policy>> R{"damage"}min=? [F r=rounds ] (Small)		Exp w Cache		1		rounds=250,K=250		213.76190476562283		501		1998		0.05433333333333333		0.00404145188432738		0.275		1.5183333333333333		0.02281081614790082		333865		8856.301109003314		3		

		IDS Simple: <<policy>> R{"damage"}min=? [F r=rounds ] (Small)		Explicit		1		rounds=250,K=250		213.76190476562283		501		1998		0.054		0.002645751311064593		0.29033333333333333		3.3169999999999997		0.16479077644091616		331485		5387.6040438522705		3		

		IDS Simple: <<policy>> R{"damage"}min=? [F r=rounds ] (Medium)		MTBDD		1		rounds=500,K=500		428.0476190693669		1001		3998		0.03133333333333333		0.0005773502691896262		0.012666666666666666		8.134		0.05510898293381914		286124		1624.8519932596937		3		

		IDS Simple: <<policy>> R{"damage"}min=? [F r=rounds ] (Medium)		Exp w Cache		1		rounds=500,K=500		428.0476190693669		1001		3998		0.069				0.8076666666666666		5.078		0.18465914545453763		362512		7685.099348739742		3		

		IDS Simple: <<policy>> R{"damage"}min=? [F r=rounds ] (Medium)		Explicit		1		rounds=500,K=500		428.0476190693669		1001		3998		0.07966666666666666		0.015011106998930275		0.789		12.547666666666666		0.8039604053268632		358248		6286.008590512743		3		

		IDS Simple: <<policy>> R{"i_damage"}min=? [ F r=K ] (Small)		MTBDD		2		rounds=250,K=250		0.8333333333340002		501		1998		0.018		0.0009999999999999992		0.006666666666666667		0.6883333333333334		0.009073771725877415		226042		510.8163401197473		3		

		IDS Simple: <<policy>> R{"i_damage"}min=? [ F r=K ] (Small)		Exp w Cache		2		rounds=250,K=250		0.833333333334		501		1998		0.053		0.0010000000000000009		0.2763333333333333		0.958		0.023515952032609658		336726		9019.564808422485		3		

		IDS Simple: <<policy>> R{"i_damage"}min=? [ F r=K ] (Small)		Explicit		2		rounds=250,K=250		0.833333333334		501		1998		0.053		0.0010000000000000009		0.2813333333333333		2.905666666666667		0.06971609092120223		332213		5012.407538631844		3		

		IDS Simple: <<policy>> R{"i_damage"}min=? [ F r=K ] (Medium)		MTBDD		2		rounds=500,K=500		0.8333333333340002		1001		3998		0.030333333333333334		0.0005773502691896262		0.012333333333333333		2.4503333333333335		0.054500764520631566		277308		7379.261751693051		3		

		IDS Simple: <<policy>> R{"i_damage"}min=? [ F r=K ] (Medium)		Exp w Cache		2		rounds=500,K=500		0.833333333334		1001		3998		0.07266666666666666		0.0028867513459481316		0.8486666666666667		2.598666666666667		0.24544721088929355		359369		7500.8291097273595		3		

		IDS Simple: <<policy>> R{"i_damage"}min=? [ F r=K ] (Medium)		Explicit		2		rounds=500,K=500		0.833333333334		1001		3998		0.07		0.000999999999999994		0.837		10.906333333333333		0.056871199506721135		356061		9412.333469089019		3		

		IDS Simple: <<policy>> R{"i_damage"}min=? [ F r=K ] (Large)		MTBDD		2		rounds=750,K=750		0.8333333333340002		1501		5998		0.042333333333333334		0.0005773502691896222		0.019		5.4		0.0363868107973206		276626		980.068024849976		3		

		IDS Simple: <<policy>> R{"i_damage"}min=? [ F r=K ] (Large)		Exp w Cache		2		rounds=750,K=750		0.833333333334		1501		5998		0.08866666666666667		0.00808290376865476		1.629		5.0263333333333335		0.1467389973160964		345740		22251.072064060194		3		

		IDS Simple: <<policy>> R{"i_damage"}min=? [ F r=K ] (Large)		Explicit		2		rounds=750,K=750		0.833333333334		1501		5998		0.121		0.059774576535513824		1.8786666666666667		26.792666666666666		2.971162791456123		392873		18926.005530310227		3		




		Name		Mode		Prop		Constants		Results		States		Transitions		ConstructionTimeAvg		ConstructionTimeStd		PrecompTime		CheckTimeAvg		CheckTimeStd		Max_Memory_KB		Max_Memory_KB_Std		Runs		Error

		Jamming 4: <<user>> Pmax=? [ F sent>=slots/2 ] (Medium)		MTBDD w Reg		1		slots=10		0.7876609319746192		1195		122316		0.013666666666666666		0.0011547005383792516		0.0033333333333333335		29.38		0.07631513611335544		304109		2748.545312221236		3		

		Jamming 4: <<user>> Pmax=? [ F sent>=slots/2 ] (Medium)		Explicit w Reg		1		slots=10		0.7876123163655648		1195		122316		0.44866666666666666		0.01167618659209134		0.33266666666666667		17.401333333333334		0.7189939730855422		474116		16947.518048375106		3		

		Jamming 4: <<user>> Pmax=? [ F sent>=slots/2 ] (Large)		MTBDD w Reg		1		slots=20		0.7429551335118245		3975		476876		0.015666666666666666		0.0005773502691896262		0.009666666666666667		109.50066666666666		0.5393202511804442		326020		1857.693193183417		3		

		Jamming 4: <<user>> Pmax=? [ F sent>=slots/2 ] (Large)		Explicit w Reg		1		slots=20		0.7428218404309801		3975		476876		1.0746666666666667		0.009291573243177562		2.0563333333333333		76.52533333333334		0.5734739168727174		519453		8928.907062643968		3		

		Jamming 6: <<user>> Pmax=? [ F sent>=slots/2 ] (Small)		MTBDD w Reg		1		slots=10		0.7876600336925434		2389		867512		0.015				0.004		36.63733333333333		0.22618208004466767		310290		2522.24133130304		3		

		Jamming 6: <<user>> Pmax=? [ F sent>=slots/2 ] (Small)		Explicit w Reg		1		slots=10		0.787624030192652		2389		867512		1.8453333333333333		0.042500980380849235		0.9753333333333333		40.897		0.340982404238107		567516		12595.27593981172		3		

		Jamming 6: <<user>> Pmax=? [ F sent>=slots/2 ] (Medium)		MTBDD w Reg		1		slots=20		0.7429351653073187		7949		3387192		0.016666666666666666		0.0005773502691896262		0.010666666666666666		138.97133333333335		1.5574024314008703		324270		7538.57953021213		3		

		Jamming 6: <<user>> Pmax=? [ F sent>=slots/2 ] (Medium)		Explicit w Reg		1		slots=20		0.7428012473507859		7949		3387192		6.660666666666667		0.1147882107767751		9.213000000000001		203.04433333333333		1.420438781973151		1088988		7055.858275220669		3		

		Jamming 6:<<user>> R{"rew"}max=? [ F t=slots+1 ] (Small)		MTBDD w Reg		2		slots=3		1.711669777289124		401		78584		0.013333333333333332		0.0005773502691896262		0.0013333333333333333		0.701		0.002645751311064593		139180		556.9488306837532		3		

		Jamming 6:<<user>> R{"rew"}max=? [ F t=slots+1 ] (Small)		Explicit w Reg		2		slots=3		1.7116675024266816		401		78584		0.364		0.007000000000000006		0.05		6.423333333333333		0.038214307966170466		495078		7124.935742400301		3		

		Jamming 6:<<user>> R{"rew"}max=? [ F t=slots+1 ] (Medium)		MTBDD w Reg		2		slots=4		2.1938779416565746		589		142136		0.013333333333333332		0.0005773502691896262		0.0016666666666666668		1.328		0.009165151389911688		145178		217.4886970243128		3		

		Jamming 6:<<user>> R{"rew"}max=? [ F t=slots+1 ] (Medium)		Explicit w Reg		2		slots=4		2.1938504239254826		589		142136		0.5143333333333333		0.005773502691896263		0.07533333333333334		15.736		0.1778454385133334		480046		86800.86288357584		3		

		Aloha Backoff 3: <<usr1>>Pmax=?[F (s1=3 & t<=D)] (Small)		MTBDD w Reg		3		bcmax=2,D=2,q=0.8		0.258337496791653		6083		12034		0.06066666666666667		0.0005773502691896262		0.23766666666666666		1.0706666666666667		0.010785793124908943		150324		2633.0180401964585		3		

		Aloha Backoff 3: <<usr1>>Pmax=?[F (s1=3 & t<=D)] (Small)		Explicit w Reg		3		bcmax=2,D=2,q=0.8		0.2583374971862788		6083		12034		0.15133333333333332		0.004725815626252613		0.20566666666666666		0.323		0.0030000000000000027		348306		2395.5970724087415		3		

		Aloha Backoff 3: <<usr1>>Pmax=?[F (s1=3 & t<=D)] (Medium)		MTBDD w Reg		3		bcmax=2,D=3,q=0.8		0.45016176989371876		7740		15490		0.064		0.0010000000000000009		0.20833333333333331		55.361		0.3637430411705485		318080		8469.65501068373		3		

		Aloha Backoff 3: <<usr1>>Pmax=?[F (s1=3 & t<=D)] (Medium)		Explicit w Reg		3		bcmax=2,D=3,q=0.8		0.4501617699598762		7740		15490		0.20500000000000002		0.011357816691600542		0.282		0.7276666666666667		0.03818813079129864		442828		21513.313831206942		3		

		Robot Coordination: <<robot1>>Pmax=? [ !"crash" U "goal1" ] (Small)		MTBDD w Reg		1		q=0.1,l=3		0.9504987949500379		65		1205		0.011333333333333332		0.0005773502691896262		0.0023333333333333335		2.404		0.013000000000000105		166781		659.9434319192314		3		

		Robot Coordination: <<robot1>>Pmax=? [ !"crash" U "goal1" ] (Small)		Explicit w Reg		1		q=0.1,l=3		0.9504991641314231		65		1205		0.035333333333333335		0.0030550504633038923		0.015333333333333334		0.526		0.007211102550927985		370433		7203.612797293684		3		

		Robot Coordination: <<robot1>>Pmax=? [ !"crash" U "goal1" ] (Medium)		MTBDD w Reg		1		q=0.1,l=4		0.9542475011065422		226		6610		0.011333333333333332		0.0005773502691896262		0.004333333333333333		9.666666666666666		0.03419551627528535		178673		1490.800232537322		3		

		Robot Coordination: <<robot1>>Pmax=? [ !"crash" U "goal1" ] (Medium)		Explicit w Reg		1		q=0.1,l=4		0.9542484874874654		226		6610		0.148		0.14231303524273523		0.13866666666666666		3.3556666666666666		0.23444899942915787		398446		6977.993216773239		3		

		Robot Coordination: <<robot1>>R{"time1"}min=? [ F "goal1" ] (Small)		MTBDD w Reg		3		q=0.1,l=2		1.5338345897556387		10		74		0.011333333333333332		0.0005773502691896262		0.0006666666666666666		0.004		0.001		132989		493.2558497710223		3		

		Robot Coordination: <<robot1>>R{"time1"}min=? [ F "goal1" ] (Small)		Explicit w Reg		3		q=0.1,l=2		1.533834660882497		10		74		0.021333333333333333		0.0005773502691896243		0.006		0.064		0.0020000000000000018		173132		1466.6915149410254		3		

		Robot Coordination: <<robot1>>R{"time1"}min=? [ F "goal1" ] (Medium)		MTBDD w Reg		3		q=0.1,l=3		3.6255290956882504		65		1205		0.011666666666666667		0.0005773502691896262		0.001		27.643333333333334		0.17409575909060263		296646		1102.5086545389715		3		

		Robot Coordination: <<robot1>>R{"time1"}min=? [ F "goal1" ] (Medium)		Explicit w Reg		3		q=0.1,l=3		3.6255288672317767		65		1205		0.034		0.002645751311064589		0.011333333333333332		0.624		0.012124355652982153		366249		2919.5132014315905		3		

		IDS Simple: <<policy>> R{"damage"}min=? [F r=rounds ] (Small)		MTBDD w Reg		1		rounds=3,K=3		2.0476217494108084		7		22		0.011				0.0006666666666666666		34.86666666666667		0.13159153974831778		305158		7961.6122320377635		3		

		IDS Simple: <<policy>> R{"damage"}min=? [F r=rounds ] (Small)		Explicit w Reg		1		rounds=3,K=3		2.047619750475307		7		22		0.018333333333333333		0.0011547005383792505		0.005333333333333333		1.925		0.037269290307168454		368260		15642.902543965427		3		

		IDS Simple: <<policy>> R{"damage"}min=? [F r=rounds ] (Medium)		MTBDD w Reg		1		rounds=4,K=4		2.904765997284165		9		30		0.010666666666666666		0.0005773502691896253		0.001		53.486		0.33290989772008917		299426		2637.078181118894		3		

		IDS Simple: <<policy>> R{"damage"}min=? [F r=rounds ] (Medium)		Explicit w Reg		1		rounds=4,K=4		2.9047629988809134		9		30		0.019333333333333334		0.0011547005383792525		0.006666666666666667		3.356333333333333		0.041283572196859714		345986		20399.920130562605		3		

		IDS Simple: <<policy>> R{"i_damage"}min=? [ F r=K ] (Small)		MTBDD w Reg		2		rounds=3,K=3		0.8333332536640945		7		22		0.011666666666666667		0.0005773502691896262		0.0013333333333333333		14.273		0.039153543900903566		291696		4250.46256306299		3		

		IDS Simple: <<policy>> R{"i_damage"}min=? [ F r=K ] (Small)		Explicit w Reg		2		rounds=3,K=3		0.8333332536640943		7		22		0.019		0.0010000000000000009		0.005333333333333333		0.707		0.018999999999999954		354146		1912.7041938923367		3		

		IDS Simple: <<policy>> R{"i_damage"}min=? [ F r=K ] (Medium)		MTBDD w Reg		2		rounds=4,K=4		0.8333332536640945		9		30		0.011333333333333332		0.0005773502691896262		0.0006666666666666666		18.945		0.10205880657738442		293516		1828.0		3		

		IDS Simple: <<policy>> R{"i_damage"}min=? [ F r=K ] (Medium)		Explicit w Reg		2		rounds=4,K=4		0.8333332536640943		9		30		0.018666666666666665		0.0011547005383792525		0.008666666666666666		0.825		0.03899999999999998		345496		18818.79741109936		3		



